SMOOTH AND ETALE MORPHISMS

ABSTRACT. A smooth manifold is locally diffeomorphic to an open subset of R™. Our goal in this note is to
prove the same in the case of rings. One observes immediately that this is far from true in Zariski topology,
thus necessitating search of finer topologies on rings. After motivating unramified, étale morphisms and
coverings, we will introduce smooth homomorphisms of rings as finitely presented flat morphisms for which
Kahler differentials is locally trivial. At the end, we will see that every smooth homomorphism of rings is
étale locally given by projection from an affine space, as expected.
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1. LOCAL ISOMORPHISMS

Our goal in this note is to understand the necessity of étale maps in studying the topology of schemes;
in particular, to understand the notion of smoothness in algebraic geometry. To this end, studying local
isomorphisms is important. But local in which sense? Let us begin by recalling the definition of covering
maps in topology, which are the prototypical example of local isomorphisms.

Definition 1.1. A surjective map p : X — Y is said to be a covering map if for each y € Y, there exists
y € V CY such that p~!'V = 1I,U, where p: U, — V is a homeomorphism.

An important case of covering maps occurs when X is connected and each fiber is finite, in which case we
call p: X — Y a finite covering space. We may verbatim generalize this definition to a morphism of rings as
follows. Call ¢ : R — S a Zariski covering homomorphism if for each q € Spec (R), there exists f € R such
that the induced map Ry — S,(y) exhibits S, = Rj‘?" as [y-algebras. Indeed, in this case, and only in this
case, will we have that p~1(D(f)) = D(f) II--- 11 D(f). But we immediately realize that even under mild
conditions, this is trivial.

Remark 1.2. Suppose R — S is a Zariski covering homomorphism. If S is a domain, then R — S is an
isomorphism. Indeed, in this case Ry — S,(s) is an isomorphism, making R — S an isomorphism. Hence,
there are no non-trivial connected Zariski covers of R!
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2 SMOOTH AND ETALE MORPHISMS

So we cannot rely on just covering maps from topology alone to give us a notion of local isomorphisms. A
first attempt to generalize covering maps to algebra could be to study finite ring homomorphisms ¢ : R — .S
such that S is a locally free R-module. After all, we want fibers to be finite, and locally things should be
free. Let us call such ring homomorphisms finite locally free. Geometrically, we get

p: X = Spec(S) — Y = Spec (R)

which has finite fibers and for each y € Y, there exists an open affine x € U = D(f) C X and open affine
p(z) € V.= D(p(f)) CY such that Ry — S,y is an Ry-algebra, which is finite free as an R-module. Note
that this doesn’t mean that it is a disjoint union of copies of U, as the ring structure might be different!

We are close with this definition, but not quite. What we are looking for is Zariski local triviality, i.e.
p: X — Y locally looks like projection VII--- 11V — V.

Lemma 1.3. If ¢ : R — S is locally free, then ¢ is flat.

Proof. Follows from local criterion of short exact sequences. O

While this seems like a good working notion of a covering map, a simple counterexample breaks this.

Example 1.4. Consider R = k[z], S = k[z] and ¢ : R — S given by x — z". Observe that S is a finite
R-algebra, as S is generated as an R-module by 1,z,22%,...,2"~!. Further, it is a free R-module, as the
above generators are independent. Thus ¢ exhibits S = R®? as R-modules. Hence ¢ is finite free (stronger
than finite locally free). However, the map

p: X = Spec(S) — Y = Spec (R)

doesn’t behave like a covering map, as the fiber at (z) € Y is S®g R/aR = S/x-S = S/(a") = k[x]/(z"),
a local ring with only prime being (Z). Whereas, the fiber at any other prime (x —¢) € Y for ¢ # 0 is
klx]/(z" — ¢), which by Chinese remainder theorem is r-disjoint copies of k (see figure below). Hence, finite
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locally free is not enough to give us covering maps.

The issue is that our definition still allows for branching to happen, whose main cause is typically the
existence of nilpotents in the fiber. To remove that, we have to enforce it by hand, fiber-by-fiber.
Definition 1.5. A ring homomorphism ¢ : R — S is unramified at prime p C S if (let ¢ = ¢~ p)

(1) S is a finitely presented R-algebra,
(2) myS, is the maximal ideal of Sy, i.e. mgS, = my,
(3) the resulting field extension k(p)/k(q) is a separable extension.

Otherwise we call it ramified at p. If it is unramified at each prime, then we just call it unramified.

Observe that the map ¢ of Example 1.4 is ramified at origin (the second condition is not true). So perhaps
we should demand that ¢ : R — S be finite unramified and locally free in order to define local isomorphisms.
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Remark 1.6. It is to be noted that finite unramified morphisms are still not exactly the notion of local
isomorphism that we are looking for. Indeed, R — R/I for a finitely presented ideal is a finite unramified
morphism, but far from what we would consider a local isomorphism (consider R = k[z,y] and I = (z —y?))
as the corresponding map is just the inclusion of V(I) into Spec (R), not even surjective.

How can we remove this case? Recall that the quotient R — R/I is almost never flat and finite locally
free maps are flat. This is our cue to define the following.

Definition 1.7. A ring homomorphism ¢ : R — S is said to be étale if it is unramified and flat.
A closely related notion to étale is that of Nisnevich homomorphism.

Definition 1.8. A ring homomorphism R — S is said to be Nisnevich if it is étale and for each q € Spec (R),
there exists a prime p in the fiber S ®p k(q) in Spec (S) such that the induced map x(q) — x(p) is an
isomorphism.

Remark 1.9. If R and S are noetherian, then since finite locally free and finitely presented flat are equivalent,
therefore in such a case an étale map is a finite locally free unramified homomorphism.

Let R be a ring and f € R. Observe that R — Ry is an étale map. Moreover, if Ry, R, covers R (note
we can always refine any cover of R to a covering by two basic opens), then the map R — Ry & R, is also
étale. This tells us that étale maps in general can act as a generalized notion of local isomorphisms of R.
Hence, we can define the following.

Definition 1.10. An affine étale cover of R is an R-algebra ¢ : R — S such that it is étale and the map
Spec (S) — Spec (R) is surjective.

Remark 1.11. Very importantly, an affine étale cover is in particular a faithfully flat morphism (flat and
surjective on spec).

Using this we may now define notion of fiber bundles, just akin to how we do it in topology.

Definition 1.12. An k-algebra homomorphism ¢ : R — S is said to be an algebraic fibre bundle with fiber
k-algebra A if there exists an affine étale cover of R, denoted R — R/, together with a prescribed isomorphism
R/®RSgR/®kA:

A—— S +— 8

k—— R/

étale cover

We may define a topology on category of k-algebras Ring;, as follows.

Construction 1.13. For each ring R € Ring/;,, define C(R) = {{¢ : R — S} | ¢ is an affine étale cover}.
That is, each element of C(R) is a affine étale cover of R. We claim that C is a basis for a Grothendieck
topology on Ring/j. Indeed, this would be immediate from stability of étale morphisms under base change
and compositions.

Proposition 1.14. Unramified and flat morphisms are stable under composition and base change. Hence
so is étale.

We now want to study étale homomorphisms. To this end, the module of Kahler differentials is indis-
pensable.

2. KAHLER DIFFERENTIALS

How can we differentiate elements of an arbitrary ring just like we do for polynomial rings? Let us try to
formulate the process of differentiation of polynomials.
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Remark 2.1. Let f be a polynomial in one variable over a field k. The derivative is defined as the
limit f'(y) = limzﬁyw. Observe that the second order Taylor series of f is of the form f(y) =
f(@)+(z—y)f'(y) + (x — y)*h(y) for some h. Hence, consider f(x)— f(y) € k[z,y]. Then the the derivative
is given by the class of f(x)— f(y) in (x—vy)/(z—y)?. We can generalize this to an arbitrary ring R as follows.
First observe that k[z,y] & k[z] ® k[z] under which, f(z) — f(y) —» f@®1—-1Q@ fandz—y—2R1-1Qu.
Let I = (x®1—1®x) and observe that this is also the kernel of the multipliciation map k[z] ®y k[x] — k[z]
and note that f®1—1® f € I. It follows that the derivative is the image of f®1—1® f in I/I%. Moreover,
note that I/I? is the k[z]-module of all derivatives of each polynomial f(z) € k[x].

We can now easily generalize this to arbitrary rings.

Definition 2.2. Let R — S be an R-algebra. The module of Kdhler differentials Qg/r is the S-module
I/1? where I is the kernel of the multiplication map S ®g S — S.

By previous, we can immediately calculate €[5/ as a free k[z]-module of rank 1, generated by ®1—-1®z.

2.1. Universal property. There is a universal property satisfied by Qg/r, which we now discuss. First,
revisiting the example of S = k[x], observe that we have a function d : k[x] — I/I? given by f(x) —
f®1—-1® f. But this is not a k-linear homomorphism, it is a k-deriviation.

Definition 2.3. Let R — S be an R-algebra and M be an S-module. An R-derivation of S valued in M is
a function D : S — M such that D(s; + s2) = D(s1) + D(s2), D(s152) = s1D(s2) + s2D(s1) and D(r) =0
for all r € R. The collection of all R-derivations of S valued in M is denoted by Derg(S, M). This is an
S-module.

Observe that for any R — S, the map d: S — Qg/g, s = s®1 —1® s is an R-derivation of S valued in
QS/R.

Proposition 2.4. Let R — S be an R-algebra and d : S — Qg g be the derivation s — 1®s—s®1. For any
S-module M and any R-derivation D : S — M, there exists a unique S-linear homomorphism f : Qg/p — M
such that the following commutes

Proof. Recall for any S-module M, we can construct an S-algebra S+ M which exhibits M as an ideal with
M? = 0. Indeed, the underlying S-module is S @& M and the S-algebra structure is (s; +m1) - (52 + ma) =
$182 + (s1mg + samy). Using this, we first construct the following morphism

Yp:S®rS — SxM
S1 ® 89 — 8189 + s1Dss.

A simple calculation shows that ¢p restricted to I maps onto M such that ¢p(I2) = 0. This gives us the
homomorphism

¢p:I/I* =Qg/p — M.
We claim that ¢p works for us. Indeed, ppod(s) =pp(1®s—s®1) = (s+ Ds) — (s+0) = Ds. O

Corollary 2.5. Let R — S be an R-algebra and M be any S-module. Then there is a natural isomorphism
of S-modules

Homs (QS/RaM) = DerR(S, M)

Corollary 2.6. If R — S is surjective, then 2g/p = 0.
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Proof. Suffices to show that any R-derivation D : S — M is 0. Indeed, as any s € S is in the image of R
and D(r) = 0, we are done. O

Example 2.7. Let S = R[z1,...,7,]. Observe that Qg is generated by df for f € S polynomials. We claim

n
gives df = > ;ar>. oy gi(®1,..., &, ..., 2, )dz; for some polynomial g; in n variables. This clearly shows
that dx; generate Q0g/p and are free generators as well, since ), g;dx; = 0 implies dg = 0 for some polynomial
g. It is then immediate that g = 0 as each of its partial derivative is. In particular, we have

QS/R = Sd$1 D---D Sd{En

that Qg is freely generated by the n elements dx;. Indeed, for any df € Qg/p, writing f =3, afxlf ... gin

2.2. Maps and exact sequences of differentials. We now wish to study how Kahler differentials behave
under morphism of rings. In this, there are two cases of morphisms to consider;

Iz

one where B — (' is arbitrary and one where it is surjective. Note that in general the diagram
R—— S
R — 9
leads to a morphism on differentials over S — S:
S — QS/R

[
S —— Qg /p

We study this homomorphism of differentials. Observe that if S — S’ is surjective, then since any generator
of Qg /p is d's" and s’ is in image of S — §’, the following result follows.

Lemma 2.8. If S — S’ is surjective, then Qg/r — Qg /p: is surjective. O

The module Qg/r acts as the relative cotangent bundle for the homomorphism R — S. With this in
mind, we first have the following sequence.

Lemma 2.9 (Relative cotangent sequence). Consider the diagram of A-algebras
B
A——C
Then we have an exact sequence
C®B QB/A — QC/A — QC/B — 0.

Proof. Surjectivity follows from Lemma 2.8. The map C ®p Qp,4 — Q¢4 is given by c® dp/ab — cdcyab.
As the map Q¢4 — Q¢/p is given by dojac = dg/pe, therefore the whole composite is given by ¢ ® db —
cdcyp(b) = 0. On the other hand, if @ = ), c;dec/ac; € Qcya maps to 0 in Q¢ p, then ), c;de/pc; = 0, ie.
each ¢} is in the image of B in C. Completing the proof. O

Lemma 2.10 (Relative conormal sequence). Consider the diagram of R-algebras

el

R—— &
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where S — S’ is surjective with I = Ker (S — S’). Then we have an ezact sequence

I/1? —— 8" ®sQsyp — Qgyp —— 0
where the map I/I* — S’ ®g Qg/r is induced by s — 1 ®@ds for s € I. We call I/1? the conormal module.
Proof. Surjection is clear by Qg//5 =0 (Lemma 2.8) and Lemma 2.9. Exactness at the middle is simple. O

2.3. Separability. Recall that a polynomial f in one variable over a field k is separable if and only if it is
coprime to its derivative; (f, f’) = 1. As we have seen, {25/ can be seen as the module of all derivatives of
functions in the R-algebra S. Further recall that a k-algebra A is said to be finite separable if it is a finite
product of finite separable field extensions K;/k, A =[], K;. We now see that Q/;, detects separability.

Theorem 2.11. Let K/k be a finite extension. Then the following are equivalent:

(1) K/k is a separable extension.
(2) Qg =0.

2.4. Finite presentation.
Proposition 2.12. If R — S is a finitely presented morphism, then Qg is a finitely presented S-module.

2.5. Localization. An important observation about differentials is that it is very well-behaved with respect
to localizations.

Proposition 2.13. Let ¢ : A — B be a ring homomorphism.
(1) If S C A is a multiplicative set such that ¢(S) C B*, then

Qp/a = Qpyajs—1)-
(2) If S C B is a multiplicative set, then
B[S~ @B Qp/a = Qpis-1)/a
2.6. Base change. Similarly, it is well-behaved with respect to base change as well.

Proposition 2.14. Consider the following pushout square for rings
S'+——8
[
R +—R

i.e. 8" =S ®pr R'. Then there is a canonical isomorphism

S/ ®S QS/R = QS’/R"

3. SMOOTH HOMOMORPHISMS

As we use Kéahler differentials for studying smoothnes of ring maps, we should perhaps begin our discussion
for differentials on unramified map.

3.1. Differentials and ramification.
Proposition 3.1. If ¢ : R — S is an unramified homomorphism, then Qg/r = 0.

Proof. Note it suffices to show that Qg/r, = 0 for each prime p of S. Let p € Spec(S) and q = o l(p) €
Spec (). We get a local homomorphism ¢, : Rq — S,. By Proposition 2.13 Qg/r, = Qs,/r = Qg, /R, -
Thus, we reduce to assuming ¢ : R — S is a local unramified homomorphism of local rings. Thus, mgS = mg,
in particular.

By Nakayama lemma, it suffices to show that 2g/r/msQg/r = 0. Indeed, we may write this as

Qg/r/msQs/p = S/mrS ®s Qg/r = K @5 Qg/R
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where K is the residue field of S and let k the resiude field of R. Note we have a pushout square
K«——S5§
T Tip )
kE+——R
indeed, k ®zg S = R/mr ®p S = S/mprS = S/mg = K. Thus, by Proposition 2.14,
K ®s5Qs/r = Qx /-
By Theorem 2.11, we have Q2 = 0. This completes the proof. ]

3.2. Smoothness. Recall that for a smooth manifold, tangent spaces at each point arranges itself into a
vector bundle. This is essentially because of the fact that locally a smooth manifold is diffeomorphic to a
connected domain in an Euclidean space. Thus one way of pinning smoothnes down is via the demand that
(co)tangent spaces must have same rank locally, i.e. locally we must always have n-sections of the family
of (co)tangent spaces. Using this, it is now a simple job to define smooth homomorphisms. For posterity,
recall the following conclusion of Zariski descent.

Theorem 3.2. Let R be a noetherian ring and P be a finitely presented R-module. Then the following are
equivalent:

(1) P is a projective R-module.

(2) P is a locally free R-module.

(3) P is a flat R-module.

Definition 3.3. A homomorphism ¢ : R — S is smooth if ¢ is finitely presented R-algebra morphism, flat
and {5/ is a projective S-module.

Recall from Proposition 2.12 that for a smooth homomorphism, 25,5 is also finitely presented. We first
immediately see the following

Lemma 3.4. If R — S is étale, then it is smooth.

Proof. An étale map is flat and unramified, so finitely presented and flat. Further by Proposition 3.1, it
follows that Qg/r = 0, i.e. it is projective. ]

Example 3.5. The map R — S = R[z1,...,x,] is smooth. Indeed, S is finitely presented as an R-algebra
and Qg g = Sdx1 @© -+ - ® Sdx,, making it free thus projective S-module.

While this definition of smoothness is geometrically clear, it is usually very difficult to work with. To that
end, we can equivalently characterize smooth morphisms via following criterion.

3.3. Formal smoothness.

Definition 3.6. A ring homomorphism R — S is said to be formally smooth if given any R-algebra A and
a square-zero ideal I C A, any homomorphism S — A/ extends to a homomorphism S — A:

[0
R—— A
We have the following criterion for smoothness.

Theorem 3.7 (Formal criterion for smoothness). Let R — S be an R-algebra. Then the following are
equivalent:

(1) R — S is smooth.
(2) R — S is a finitely presented, formally smooth R-algebra.

Lemma 3.8 (Composite). If R — S and S — T are smooth, then the composite R — T is smooth.

Proof. Immediate from formal smoothness. ]
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Lemma 3.9 (Base change). Consider the pushout
S +——8
R +—R
If R — S is smooth, then R’ — S’ is smooth.

Proof. Finite presentation is immediate. Formal smoothness follows from universal property of pushouts. [

Lemma 3.10 (Etale locality of smoothness). Let ¢ : R — S be an R-algebra. Then the following are
equivalent:
(1) For any affine étale cover R — R’ of R, the map R’ — S’ =S ®g R’ is smooth:
S +—— 8
]
étale cover

(2) R — S is smooth.

Proof. The (1. = 2.) is faithfully flat (Remark 1.11) descent for formally smooth homomorphisms. The
converse is base change (Lemma 3.9). |

Remark 3.11 (Formally unramified and étale). While not discussed here, one can similarly give the following
two definitions; a map R — S is said to be formally unramified(étale) if for all R — A and a square-zero
ideal T C A, there exists atmost one (unique) extension S — A as in the diagram

N
N
N .
N
T \\ T
|

R—— A
In-fact, we then have the following results.

Theorem 3.12. Let R — S be a R-algebra. Then the following are equivalent:

(1) R— S is formally unramified (étale) finitely presented R-algebra.
(2) R — S is unramified (étale).

4. LOCAL STRUCTURE OF SMOOTH MORPHISMS

Let us document some results which showcases that smooth maps étale locally really does behave like
smooth maps between manifolds. First, recall that a smooth map of manifolds is a local isomorphism (étale)
exactly when the map induces an isomorphism on each tangent space (or equivalently on cotangent spaces).
We have exactly similar result for rings, étale locally.

Proposition 4.1. Let ¢ : (S,m) — (T, n) be essentially of finite presentation, local homomorphisms of local
R-algebras. Further suppose ¢ is formally smooth. Then the following are equivalent:

(1) @ is formally étale.

(2) The map T ®s Qg/r — Qr/g s an isomorphism.
Theorem 4.2. Let ¢ : (R,m) — (T, n) be essentially of finite presentation, local homomorphisms of local
rings. Then the following are equivalent:

(1) ¢ is a formally smooth.

(2) There exists a factorization

R—>S—->T

where (S, q) is the local ring obtained by localization of Rz, ..., x,] at a prime, R — S the canonical
inclusion and S — T is a formally étale homomorphism.
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Proof. (1. = 2.) As Qg is a finitely generated projective T-module and T is a local ring, therefore Q2
is finite free, say of rank n. Thus Qp/p = T'dt; @ --- @® Tdt, for t; € T. This gives us a homomorphism
Rlxy,...,x,] — T, mapping x; — t;. Let p be the contraction of n, so that localizing the morphism at p
gives

S:=Rlz1,...,zp)p — Tu=T.
We claim that this morphism works for the problem. To this end, we need only show that the morphism
S — T is formally étale. By Proposition 4.1, it suffices to show that

T®g QS/R — Qr/r
t® ds — tds

is an isomorphism of T-modules. Indeed, we have that 1®@dx; maps to the free generators di; of Qp, g thusit is
surjective and it is injective as it is a surjection onto a finite free module over a local ring (Nakayama lemma).

(2. = 1.) Suffices to show that R — S and S — T is formally smooth (Lemma 3.8). As S — T is formally
étale, so formally smooth (Remark 3.11) and R — S is an inclusion to a localization of a polynomial algebra
(Proposition 2.13), so again formally smooth. This completes the proof. U
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