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1 Strongly local constructions on rings

A lot of times we have the situation that a certain construction on a ring A leads to a map
φ : A → Ã. Consequently, we obtain maps f : Spec

Ä
Ã
ä
→ Spec (A). If X is a scheme,

then for each open affine Vi = Spec (Ai), we thus get a map Spec
Ä
Ãi

ä
→ Vi. Consequently,

we are interested in the conditions that the construction φ : A → Ã must satisfy so that
Xi = Spec

Ä
Ãi

ä
glue together to give a scheme X̃ → X, which would thus represent the

local construction globally.
The main theorem is Theorem 1.9.

Definition 1.1 (Construction on rings). A construction on rings is a collection of maps

{φA : A → Ã} one for each ring A such that for any isomorphism ηAB : A
∼=→ B, we have

an isomorphism η̃AB : Ã → B̃ which is id if η is id, the diagram

A Ã

B B̃

φA

φB

ηAB ∼= η̃AB ∼=

commutes and if ηBC◦ηAB = ηAC , then η̃BC◦η̃AB = η̃AC . That is, we demand constructions
to be functorial on isomorphisms.

Definition 1.2 (Strongly local constructions). A construction on rings {φA : A → Ã}
is said to be strongly local if it naturally commutes with localization. That is, for each
g ∈ A not in nilradical, there exists an isomorphism Ãg

∼= Ãg such that

A Ag

Ã Ãg Ãg

(φA)gφA
φAg

∼=
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commutes where (φA)g : Ag → Ãg is the localization of map φA : A → Ã at the element
g ∈ A and the horizontal arrows of the square are localization maps.

A canonical example of strongly local construction is normalization of domains.

Remark 1.3 (Normalization is a strongly local construction). Let A be an arbitrary do-
main. Then we get an inclusion φA : A ↪→ Ã where Ã is the normalization of A in its
fraction field. We claim that the collection of maps {φA : A ↪→ Ã} one for each domain is
a construction which is strongly local on domains (see Definitions 1.1 & 1.2).

Indeed, first {φA : A ↪→ Ã} is a construction on domains as if η : A → B is an isomor-
phism, then we have an isomorphism η̃ : Ã → B̃ given as follows: we have an isomorphism
η̄ : KA → KB between their fraction fields, given by a/a′ 7→ η(a)/η(b). Now a/a′ ∈ KA

is integral over A if and only if η(a)/η(a′) ∈ KB is integral over B. This shows that
η̄ : KA → KB restricts to an isomorphism η̃ : Ã → B̃. Moreover, if η : A → A is id, then
so is η̃ and it satisfies the square and cocycle condition as well of Definition 1.1. We now
claim that normalization is strongly local.

Indeed, pick g ∈ A non-zero. Then, the localization of the inclusion φA : A ↪→ Ã at
element g yields (φA)g : Ag ↪→ Ãg = Ãg which is equal to the normalization of the domain

φAg : Ag ↪→ Ãg as normalization commutes with localization.

Remark 1.4. Let η : Af
∼= Bg be an isomorhism where f ∈ A and g ∈ B. Then we get an

isomorphism η̂ : Ãf
∼= B̃g as in the following commutative diagram:

Ãf B̃g›Af B̃g

Af Bgη

∼=

φAf φBg

η̃

η̂

∼= ∼=

∼=(φA)f (φB)g .

Let X be a scheme. Our main goal is to show that strongly local constructions done on
each affine open subset of X can be glued to give a scheme X̃ admitting a map X̃ → X.

We will achieve this in steps. We first translate strongly local property more geometri-
cally.

Lemma 1.5. Let {φA : A → Ã} be a strongly local construction on rings. For any ring A

denote ϕA : Spec
Ä
Ã
ä
→ Spec (A) to be the map corresponding to φA. Then, for any f ∈ A

not in nilradical, the following diagram commutes:

Spec (Af ) Spec
Ä
Ãf

ä
Spec

Ä›Af

ä
ϕA|

Spec(Ãf)

ϕAf
∼=

.

Proof. This is the translation of Definition 1.1 in Spec (−) where localization amounts to
restricting to the corresponding open subscheme.
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The following is an important observation which will help in checking the cocycle con-
dition.

Lemma 1.6. Let {φA : A → Ã} be a strongly local construction on rings and the following
be a commutative triangle of isomorphisms

Rf Sg

Th

for f ∈ R, g ∈ S and h ∈ T . Then, the following triangle of isomorphisms as constructed
in Remark 1.4 also commutes

R̃f S̃g

T̃h

.

Proof. By definition of a construction, we get that the following triangle commutes›Rf S̃g

T̃h

.

By the construction of isomorphism R̃f → S̃g and others as in Remark 1.4, we immediately
get that the required triangle commutes.

Lemma 1.7. Let X = Spec (A) and Y = Spec (B) be two affine schemes. Let R be a
ring with isomorphisms Af

∼= R ∼= Bg for some f ∈ A and g ∈ B. Let {φS : S → S̃} be a

strongly local construction on rings. Then there are open immersions Spec
Ä
R̃
ä
↪→ Spec

Ä
Ã
ä

and Spec
Ä
R̃
ä
↪→ Spec

Ä
B̃
ä
so that the following commutes

Spec
Ä
Ã
ä

Spec
Ä
R̃
ä

Spec
Ä
B̃
ä

Spec (A) Spec (R) Spec (B)

ϕA ϕR ϕB
.

Proof. This follows from the following diagram

Spec
Ä
Ã
ä

Spec
Ä
Ãf

ä
∼= Spec

Ä›Af

ä
Spec

Ä
R̃
ä

Spec
Ä
B̃g

ä
∼= Spec

Ä
B̃g

ä
Spec

Ä
B̃
ä

Spec (A) Spec (Af ) Spec (R) Spec (Bg) Spec (B)

ϕA ϕB

∼=

ϕR

∼=

∼=

ϕA|
Spec(Ãf) ϕB |Spec(B̃g)

∼=

the commutativity of which follows from Lemma 1.5 and the definition of a construction.
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Let X be a scheme and U = Spec (A) and V = Spec (B) be two open affines. We can

now glue Spec
Ä
Ã
ä
and Spec

Ä
B̃
ä
along the intersection U ∩ V as follows.

Proposition 1.8. Let X be a scheme and U = Spec (A) and V = Spec (B) be two open
affines. Let {φS : S → S̃} be a strongly local construction on rings. Let ϕA : Ũ =

Spec
Ä
Ã
ä
→ Spec (A) and ϕB : Ṽ = Spec

Ä
B̃
ä
→ Spec (B) be the maps corresponding to φA

and φB. Then, there exists an isomorphism of schemes

Θ : ϕ−1
A (U ∩ V )

∼=−→ ϕ−1
B (U ∩ V )

such that the following commutes for any affine open Spec (R) ⊆ U ∩ V which is basic in
both U and V by the isomorphisms Af

∼= R ∼= Bg

ϕ−1
A (U ∩ V ) ϕ−1

B (U ∩ V )

Spec
Ä
Ãf

ä
Spec

Ä
B̃g

ä∼=
Θ

Θf

∼=

where Θf is obtained from θ : Af
∼= Bg via˜construction (Remark 1.4).

Proof. Cover U ∩ V by open affines which are basic in both U and V and write U ∩ V =⋃
i∈I Spec (Afi) =

⋃
i∈I Spec (Bgi) where fi ∈ A and gi ∈ B. Consequently we may write

ϕ−1
A (U ∩ V ) =

⋃
i∈I

ϕ−1
A (Spec (Afi)) =

⋃
i∈I

Spec
Ä
Ãfi

ä
and thus similarly,

ϕ−1
B (U ∩ V ) =

⋃
i∈I

Spec
Ä
B̃gi

ä
.

For each i ∈ I, Lemma 1.7 provides us with an isomorphism

Θi : Spec
Ä
Ãfi

ä ∼=−→ Spec
Ä
B̃gi

ä
↪→ Ṽ .

We claim that Θi can be glued. Indeed, for i ̸= j, we have Spec
Ä
Ãfi

ä
∩ Spec

Ä
Ãfj

ä
=

Spec
Ä
Ãfifj

ä
, therefore we reduce to showing that Θi and Θj are equal when restricted to

Spec
Ä
Ãfifj

ä
. We know that the isomorphism Afi

∼= Bgi takes fi 7→ gi. The above is now

equivalent to showing that the isomorphisms θi : Ãfi
∼= B̃gi and θj : Ãfj

∼= B̃gj obtained
from Afi

∼= Bgi and Afj
∼= Bgj fit in the following commutative diagram

Ãfifj B̃gifj

Ãfjfi B̃gjfi

id

(θi)fj

(θj)fi

id .

But θi(fj) = gj and θj(fi) = gi, as mentioned above. Therefore B̃gifj = B̃gigj = B̃gjgi =

B̃gjfi and the above square commutes, showing that Θi glues to give a map Θ : ϕ−1
A (U∩V ) →

ϕ−1
B (U ∩ V ), which is an isomorphism as locally it is an isomorphism.
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Using Proposition 1.8, we can now globalize a strongly local construction.

Theorem 1.9. Let X be a scheme and {φS : S → S̃} be a strongly local construction on
rings. Then there exists a scheme α : X̃ → X such that for any affine open Spec (A) ↪→ X,
the following square commutes

Spec
Ä
Ã
ä

X̃

Spec (A) X

αϕA
.

Proof. We first construct X̃ by gluing each Spec
Ä
Ã
ä
. Indeed, let {Vi = Spec (Ai)}i∈I be the

collection of affine opens in X and let {X̃i = Spec
Ä
Ãi

ä
} be the collection of corresponding

-̃constructions. Let ϕi : X̃i → Vi be the maps corresponding to φAi .
For each i ̸= j ∈ I we wish to construct open subschemes Uij ⊆ X̃i and isomorphisms

φij : Uij → Uji satisfying the gluing conditions. We let

Uij = ϕ−1
i (Vi ∩ Vj).

Then Proposition 1.8 provides us with an isomorphism

φij : Uij
∼=−→ Uji.

It is immediate that Uii = X̃i and φii = idUii . Moreover, φji = φ−1
ij by construction.

We now check the cocycle condition. Indeed, pick i, j, k ∈ I and pick an open affine
Spec (R) ⊆ Vi ∩ Vj ∩ Vk in X which is basic open in Vi, Vj and Vk such that we have
isomorphisms Ai,fi

∼= Aj,fj
∼= Ak,fk

∼= R so that the following triangle commutes

Ai,fi Aj,fj

Ak,fk

∼=∼=

∼=

. (∗)

By taking inverse images under ϕi, it follows that Spec
Ä
Ãi,fi

ä
⊆ Uij ∩ Uik is basic open in

both X̃i and X̃j . We wish to show that φik restricted to Spec
Ä
Ãi,fi

ä
is the composition

φjk ◦ φij . By Proposition 1.8, we get that φik on this open affine is an isomorphism to

Spec
Ä
Ãk,fk

ä
and φij is an isomorphism to Spec

Ä
Ãj,fj

ä
. Consequently, we wish to show

that the following triangle of isomorphisms commute

Spec
Ä
Ãi,fi

ä
Spec

Ä
Ãj,fj

ä
Spec

Ä
Ãk,fk

ä
φij

φjk
φik

.
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But these isomorphisms are obtained by the following isomorphisms on the localizations
(Proposition 1.8):

Ãi,fi Ãj,fj

Ãk,fk

∼=∼=

∼=

.

Hence it suffices to show that the above triangle commutes. The Lemma 1.6 applied on (∗)
yields the required commutativity.

Definition 1.10 (̃-fication). Let {φS : S → S̃} be a strongly local construction of rings
and let X be a scheme. The scheme X̃ → X obtained in Theorem 1.9 is called the -̃fication
of X.

2 Normalization

Using Theorem 1.9 and Remark 1.3, we can immediately obtain a normal integral scheme
out of an integral scheme. However, to prove universal property of normalization and the
fact that it glues requires some work.

The following is immediate from local nature of normal domains.

Lemma 2.1. Let X be an integral scheme. Then the following are equivalent:

1. X is a normal scheme.
2. For all open affine Spec (A) ⊆ X, the ring A is a normal domain.

Proof. As X is integral, therefore for every open affine Spec (A) of X, A is a domain. As
X is normal iff OX,x is a normal domain for all x ∈ X, the result follows from local nature
of normal domains (R is normal iff Rp is normal for each p ∈ Spec (R)).

We have a universal property for normalization of domains, which we will later globalize
to an arbitrary integral scheme.

Proposition 2.2. Let A be a domain and Ã be the normalization of A in its fraction field.
Then for any normal domain B and an injective map A ↪→ B, there exists a unique map
Ã → B such that following commutes:

Ã B

A

.

Proof. Let f : A ↪→ B. This, by universal property of fraction fields, induces a unique
injective map φ : K ↪→ L from fraction field of A to that of B such that φ|A = f (this is
where injectivity of f is used). Let x ∈ Ã. Then

xn + an−1x
n−1 + · · ·+ a1x+ a0 = 0
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holds in K where ai ∈ A. Applying φ on the above equation yields

φ(x)n + f(an−1)φ(x)
n−1 + · · ·+ f(a1)φ(x) + f(a0) = 0

in L. It follows that φ(x) is an integral element of L over B. As B is normal it follows that
φ(x) ∈ B. Consequently, we have a unique map

φ|Ã : Ã → B

such that the triangle commutes, as required.

The main result in normal schemes is that any integral scheme induces a unique normal
scheme obtained by normalizing each open affine.

Theorem 2.3. 1 Let X be an integral scheme. Then there exists a scheme X̃ → X over
X where X̃ is a normal integral scheme such that for any normal integral scheme Z and a
dominant map f : Z → X, there exists a unique map f̃ : Z → X̃ such that the following
commutes

X̃ Z

X
f

f̃

.

The scheme X̃ → X is called the normalization of X and is unique upto isomorphism.

We first see this for affine domains.

Lemma 2.4. Let X = Spec (A) be an integral affine scheme and Z = Spec (B) be a normal

integral affine scheme. Let X̃ = Spec
Ä
Ã
ä
be the normalization of X and denote the natural

map π : X̃ → X. If f : Z → X is any dominant map, then there exists a map f̃ : Z → X̃
such that π ◦ f̃ = f .

Spec
Ä
Ã
ä

Spec (B)

Spec (A)

π
f

f̃

.

Proof. Indeed, by applying Spec (−) on Proposition 2.2, this follows immediately where we
know that injective map of rings gives a dominant map on affine schemes.

Remark 2.5. By Remark 1.3, it follows that normalization is a strongly local property.
Thus Theorem 2.3 holds for normalization.

Proof of Theorem 2.3. By Remark 1.3, it follows that normalization is a strongly local con-
struction for domains. Let A ↪→ Ã be the normalization map for any domain A. Therefore

1Exercise II.3.8 of Hartshorne.
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by Theorem 1.9, we have a scheme α : X̃ → X such that for any open affine Spec (A) ↪→ X,
the following diagram commutes

Spec
Ä
Ã
ä

X̃

Spec (A) X

α

where the left vertical map is the map corresponding to normalization A ↪→ Ã. This shows
the construction of α : X̃ → X.

We now show the required universal property of normalization. Let Z be an arbitrary
normal integral scheme and f : Z → X be a dominant map. Pick any open affine Spec (A) ⊆
X and consider the non-empty (f is dominant) open subset f−1(Spec (A)). Write

f−1(Spec (A)) =
⋃
i∈I

Spec (Bi)

where Spec (Bi) ⊆ Z are open affine. As Z is normal integral, therefore Bi are normal
domains from Lemma 2.1. By restriction we thus have the map

f |Spec(Bi)
: Spec (Bi) → Spec (A)

for each i ∈ I. Observe that α−1(Spec (A)) ⊇ Spec
Ä
Ã
ä
. By Lemma 2.4, it follows that we

have a unique map f̃i : Spec (Bi) → Spec
Ä
Ã
ä
such that the following commutes

Spec
Ä
Ã
ä

Spec (Bi)

Spec (A)

α|Spec(Ã) f |Spec(Bi)

f̃i

.

It thus follows that for every open affine Spec (Bij) ⊆ Spec (Bi), we have a map f̃i :

Spec (Bi) → Spec
Ä
Ã
ä
by restriction. Hence by Lemma 2.4, we have that this is unique.

As Spec (A) ⊆ X is arbitrary open affine, therefore we have an open affine covering
{Spec (Ai)}i∈I of X which by inverse image gives an open affine covering {Spec (Bij)} of

Z and a collection of open affines {Spec
Ä
Ãi

ä
} of X̃ such that for each i, we have a unique

map f̃ij : Spec (Bij) → X̃ such that

X̃ Spec
Ä
Ãi

ä
Spec (Bij)

X Spec (Ai)

α
f

f̃ij

α

commutes. We claim that f̃ij can be glued to a unique map f̃ : Z → X̃, which would
complete the proof. First, for a fixed i, we glue f̃ij and f̃il. Indeed, covering the intersection
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Spec (Bij) ∩ Spec (B)il by open affines Spec (Cp), we immediately by restriction get maps

f̃ij : Spec (Cp) → Spec
Ä
Ãi

ä
and f̃il : Spec (Cp) → Spec

Ä
Ãi

ä
which are thus equal by

uniqueness. Hence, for each i, we may glue the maps {f̃ij}j to obtain a unique map

f̃i : Zi = f−1(Spec (Ai)) → Spec
Ä
Ãi

ä
as in

Spec
Ä
Ãi

ä
Zi

Spec (Ai)

fα

f̃i

.

We now wish to glue these f̃i. To this end, pick an affine open Spec (C) ⊆ Zi ∩ Zk =

f−1(Spec (Ai)∩Spec (Ak)) and observe α−1(Spec (Ai)∩Spec (Ak)) ⊇ Spec
Ä
Ãi

ä
∩Spec

Ä
Ãk

ä
.

We thus have the following diagram

Spec
Ä
Ãi

ä
Spec (C) Spec

Ä
Ãk

ä
Spec (Ai) Spec (Ai) ∩ Spec (Ak) Spec (Ak)

α α

f̃i f̃k

f .

By Lemma 2.4, it then suffices to show that f̃i(Spec (C)), f̃k(Spec (C)) ⊆ Spec
Ä
Ãi

ä
∩

Spec
Ä
Ãk

ä
, as then uniqueness would imply f̃i and f̃k are equal over Spec (C). By symme-

try, it suffices to show this for f̃i. Since α ◦ f̃i(Spec (C)) ⊆ Spec (Ai) ∩ Spec (Ak), therefore

f̃i(Spec (C)) ⊆ α−1(Spec (Ai)∩Spec (Ak))∩Spec
Ä
Ãi

ä
⊆ Spec

Ä
Ãi

ä
∩Spec

Ä
Ãk

ä
, as required.

Hence f̃i can be glued to a unique map f̃ : Z → X̃, thus completing the proof.
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