Nine Weeks of Groups, Fields & Galois Theory

April 14, 2024

These are my solutions to weekly exercises for the course on groups, fields & Galois
theory, taken during Jan-May, 2024. Most of the problems were from Dummit & Foote
and the sentence ” Proof of Question XY.Z, AB” refers to the Section XY.Z of Dummit
Foote, Exercise AB. Some questions, however, are from outside sources, and thus the
first line clearly states what we wish to prove.
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1 Week 1 : Basic group theory

Proof of Question 1.6, 4. Suppose there is group isomorphism ¢ : C\ {0} — R\ {0}.
Then a = ¢(i) is a real number such that

a* = (%) = p(-1) (%)

We claim that ¢p(—1) = —1. Indeed, as ¢ is a multiplicative group isomorphism, therefore
o(1) =1 = p((—=1)?) = p(=1)2. Tt follows that p(—1) = &1, but since ¢ is injective and
©(1) = 1, therefore p(—1) = —1, as required.

It follows from (x) that a? = —1 where a € R, a contradiction. O

Proof of Question 1.6, 25. a) Let p = (x0,yo) be a point in R? and let

cosf) —sind
A_Line cos@l

Represent p = (rcosfp,rsinby) for some 6y € (0,27] and » > 0. We wish to show that
Ap = (rcos(0 4 0p),rsin(0 + 0p)). Indeed, we see that

B [cos 0 —sin 9} [7‘ coS 00} B {7‘ cos 0 cos Oy — rsin 0 sin O

sin@ cosf | lrsinfyl  lrsinfcosfy + rcosfsin by

[t ren].

as required.

b) We know that elements of Ds,, are of form

n

_ 2 -1 2 n—1
Dgn—{e,r,r,...,r ,S, ST, ST, ... ST }

Hence, it suffices to define the map ¢ : Do, — GL2(R) on elements r* and sr* so that it
satisfies

p(s7%) = p(s)e(r") (1.1)

forall 0 <k <n-—1.
We now construct ¢ : Do, — GL2(R). For k = 0, we define ¢(e) = I>. Fix0 < k <n—1.
We define

o(r*) = 4

where

o [cos@ —sine}
" |sinf cosf |’



Finally for sr*, we define

o(sr*) := BAF
where
01
B = {1 0} '

The fact that ¢ satisfies Eqns 1.1 is immediate now.

c) We wish to show that ¢ above is injective. We follow the notations of part b). Suppose
first that Ker () contains 7¥ for 0 < k < n — 1. Then A¥ = 0. Doing the multiplications,
we obtain

cos(kf) —sin(k0)

— Ak —
0=A4"= sin(kf)  cos(k6) |-

It follows that cos(kf) = sin(kf) = 0. Hence
cos(2mk/n) = sin(2wk/n) =0

for 0 < k < n—1. Assin(2nk/n) = 0 implies 2k/n is an integer, therefore £k = 0, a
contradiction to the assumption that 0 < k < n — 1. Consequently, r* ¢ Ker (¢).

Suppose sr¥ € Ker (p) for 0 < k < n — 1. If k = 0, then B = 0, which it is not, so
s ¢ Ker (¢). Else if 0 < k < n — 1, then

sin(k@)  cos(k0)

_ ky _ k _
0=p(sr?) = BA" = cos(kf) —sin(k0)] "

We thus again have
cos(2mk/n) = sin(2wk/n) =0

for 0 < kK < n — 1, which, as shown above, gives a contradiction. Thus, no non-identity
element is in the kernel of ¢, hence showing ¢ is injective. O

Proof of Question 2.2, 7. a) Suppose Z(Ds,) # e. Suppose 7¥ € Z(Ds,) where 0 <
k <mn—1. Then, r*s = sr*. Asrs=sr~! and r—! = "1, it follows that

rks = srF = sr" k.
Thus, s % = sr¥ from which it follows that ¥"~% = r*_ that is n = 2k, a contradiction to
the assumption that n is odd.

Now suppose sr¥ € Z(Da,) where 0 < k < n — 1. If k = 0, then sr"™! = 7"~ 1s. As
sr™ ! = rs, therefore ! = r and thus 72 = 0. Since n > 3 and r is of order n, therefore
we have a contradiction. Finally, suppose 0 < k < n — 1. Then, (sr¥)s = s(sr¥). Since
stk = r=kg = yn=kg therefore we get 7" Fss = sr"Fs = r¥ss. It follows that n = 2k, a
contradiction to the fact that n is odd.

Hence we have a contradiction if any non-identity element lies in center, hence the center



is trivial.

b) Let n = 2k. If v € Z(Dyy,) for 0 < 1 < n — 1, then 7ls = srl. As rls = sr7!) it
follows that 72 = e. Since 0 < [ < n—1 and the order of r is n, we deduce that 2l = n = 2k
and thus [ = k. Consequently, the only elements of the form 7! in the center are r*.

We now show that elements of the form sr! ¢ Z(Dy,) for all 0 <1 < n — 1. Observe
that in proof of a) above, we showed that s ¢ Z(Ds,) by only using the fact that n > 3,
therefore we conclude that s ¢ Z(Day,). So we may assume 0 < [ < n — 1. We thus have
that (sr)r=t = r~!(sr!) as srl € Z(Ds,). We may write r—'sr! = srlr!, from which it
follows that srir—t = srlrl. Tt follows that e = 72!, As 0 <! < n — 1 and order of r is n,
therefore 21 = n = 2k and thus [ = k. It would thus suffice now to show that sr* cannot be
in the center. Indeed, if s7¥ € Z(Ds,) then we have that (sr¥)sr = sr(sr¥). It follows that
we have ssr—*r = ssr~ % from which upon cancelling s, we obtain r—*+1 = r#~1 Thus,
phH1=k+l — o Hence r2(k=1) = e. Tt follows that 2(k — 1) | 2k. Hence, k — 1 | k, which is
not possible as k > 2 since n = 2k > 3. This proves that sr! ¢ Z(Dsy) for any 0 <1 <n-—1
and hence center only contains 1 and ¥, as required. ]

Proof of Question 3.1, 36. Let G be a group and let Z = Z(G) be the center. We
wish to show that if G/Z is cyclic then Z = @G, that is G is abelian. Let G/Z =
{2,9Z,9°Z,...,g" ' Z} for some g € G. Consequently, for every x € G, there exists
z € Z such that z = g*z.

Now pick z,y € G. Then =z = gkzl and y = glzg for 0 <k, <n-—1and 21,29 € Z.
Consequently,

vy =g a9 = g¥ g 20z = 9" 20z = g'zag" 2 = ya,

as needed. O
Proof of Questiuon 3.2, 18. Let G be a finite group, H < G and N < G be a normal
subgroup. Suppose ged (|G/N|,|H|) = 1. We wish to show that H < N. Suppose there

exists h € H such that h ¢ N. Then hN € G/N is a non-zero element. Consider the cyclic
subgroup of G/N generated by hN as

(hN) = {N,hN,hN, ... ,h*"I1N}
of size k. In particular the order of AN in G/N is k. Thus,
k[|G/N] (%)
Also consider the subgroup (h) < G generated by h. We claim that
k[ |h| ()

Indeed, if h! = e for some | € N, then h! € N, that is !N = (hN)! = N. Tt follows that k|
and thus that k| |h|, as needed.

As |h|||H| by Lagrange’s theorem, therefore from (x) and (xx), it follows that k||H|
and k| |G/N|. From properties of ged, it further follows that

k| ged(|G/N], |HI).



As the above ged is 1, we conclude that £ = 1. We thus deduce that (hN) = { N}, showing
that AN = N and thus h € N, as required. O

Proof of Question 3.3, 7. Let M, N < G such that G = M N. We wish to show that
G/MNN = G/M xG/N. This is a generalization of Chinese remainder theorem for groups.
Consider the map

¢:G@— G/M x G/N
g— (gM,gN).
Observe that since g = mn for m € M and n € N, therefore
¢(g) = (gM,gN) = (nM,mN).

We claim that ¢ is a surjective group homomorphism whose kernel is M N N.
We first show that ¢ is a group homomorphism. Indeed, this is immediate as for any
g,h € G, we can write

¢(gh) = (ghM,ghN) = (gM,gN)(hM,hN) = ¢(g)¢(h).

We now wish to show that ¢ is surjective. Indeed, for any (¢M,hN) € G/M x G/N, we
may write g = miny and h = mgong for m; € M and n; € N. It follows that (¢M,hN) =
(n1M, maN). Consequently the element k = maon; € MN = G is such that

o(k) = (kM,kEN) = (man1 M, man1 N).

Since M, N are normal, therefore moni M = moMni; = Mn, = ny M. Similarly we deduce
that mani N = msN. Hence

o(k) = (n1 M, maN) = (gM,hN)

as needed. This shows that ¢ is a surjective homomorphism. We now show that Ker (¢) =
M N N. Indeed, we see that g € Ker (p) iff (¢M,gN) = (M, N) ifft gM = M and gN = N
iff ge M and g € N iff g € M N N, as needed.

This shows that ¢ is a surjective homomorphism whose kernel is M N N. By first
isomorphism theorem, it follows that

G/M NN =G/M x G/N,
as needed. O
2 Week 2 : Symmetry groups, simple groups, Sylow’s theo-
rems

Proof of Question 3.5, 3. Let X ={(ii+1)|1<i<n-—1} CS,. We wish to show
that X is a generating set of S,,. As any o € S,, can be written as a product of disjoint
cycles, therefore it suffices to show that any k-cycle for 1 < k < n is generated by elements



of X.
Pick any k-cycle o = (i1 i ... ir). We may write it as

g = (’il ’Lk) . (il ik—l) R (il Zd)(ll ’ig).

We now reduce to writing an (i ix) as a product of elements of X for any 1 < k < n.
Indeed, we have

(i1 ix) = (72 1) - (43 42) - ... (Gp—1 Th—2) - (Th—1 @&) - (Gp—2 Tk—1) - - - (i2 i3) - (41 72)
where each element in the above factorization is in X, as required. ]

Proof of Question 3.5, 12. We wish to show that there exists an injective group homo-
morphism ¢ : S,,_o — A,. Consider the following map

@ Sn_g —>An

o ifoeA,_o
or—
on—1n) else.

We first claim that ¢ is a group homomorphism. Indeed, pick any 0,7 € S;,,_o. If o7 € A;,_o,
then o7 is a product of evenly many transpositions. Writing ¢ and 7 individually as product
of transpositions, we see that o7 is a product of evenly many transpositions if and only if
any one of the following happens:

1. both ¢ and 7 can be written as evenly many product of transpositions,

2. both o and 7 can be written as odd many product of transpositions.
In case 1, we have 0,7 € A,,_2, so that ¢(0) = o and ¢(7) = 7. It follows that p(o7) =
o1 = p(0)e(T), as needed. Whereas in case 2, we have 0,7 ¢ A, _o. It follows that p(o7) =
or=o0r(n—1n)(n—1n)=0c(n—1n)r(n—1n) = ¢(c)p(r) where 7(n—1n) = (n—1n)r
because they are disjoint permutations.

Now suppose o7 ¢ A, _s. This is possible if and only if 0 € A,,_9 and 7 ¢ A,_2. It
follows that

ploT) = or(n—1n) = p(0)p(7),

as needed. This shows that ¢ is a group homomorphism.

We now show ¢ is injective. Indeed, if p(o) = (), then either o0 = () or o(n — 1 n) = ().
In the former, we are immediately done. In the latter, we may multiply both sides on the
right by (n — 1 n) to obtain that o = (n — 1 n), which is not possible as ¢ is a bijection of
{1,2,...,n — 2}. This completes the proof. O

Proof of Question 4.1, 8. a) We wish to show that the transitive action of S, on A =
{1,2,...,n} is doubly transitive. Indeed, pick any k € A so that 1 < k < n. Denote
Gy = Stabg, (k) = {oc € S, | o(k) = k}. We wish to show that Gj acts transitively on
A\{k} ={1,...,k,...,n}. We may assume that n > 2 as for n = 2, the claim is immediate.
Pick any two elements i,j € A\ {k}, which we can as n > 2. We wish to show that there
exists o € Gy, such that o(i) = j. Indeed, we have o = (i j) € S), is such that (k) = k, so
that o € G. Further we have o(i) = j, as needed.



b) Let G be a group and A be a G-set. We wish to show that if the action of G on A
is doubly transitive, then it is primitive. Let B C A be a block, that is, for all o € G,
o0(B) = B or o(B)NB = (). We wish to show that if |B| > 1, then B = A. Indeed, pick any
a € A. We wish to show that a € B. Let b € B and Gy, = Stabg(b) = {0 € G | o(b) = b}.

We now claim that for any o € Gy, we have o(B) = B. Indeed, as o(b) = b for any
o € Gy, it follows that o(B) N B # ). Since B is a block, therefore o(B) = B, as required.

We now complete the proof. As G acts doubly transitive on A, therefore Gy acts tran-
sitively on A\ {b}. As |B]| > 1, therefore there exists &’ € B\ {b} and thus a o € G} such
that o(a) = b’ € B. Since Gy < G is a subgroup, therefore 0~ € G as well. By above
claim, 0~(B) = B. Consequently,

a=0"1o(a))=0c"¥) €0 Y(B) =B,

as needed. This completes the proof.

c) We wish to show that the action of Dg on square

b

7]

is not doubly transitive. Indeed if so, then by part b) it has to be primitive. Denote r to be
rotation by m/2 CW and s to be the reflection along the diagonal as shown in the diagram.
Let us write Dg = {e,r, 72,73, s, sr,sr%, sr3}. We claim that there is a non-trivial block of
Dsg on the square. This will give a contradiction to primitivity. Indeed, consider B = {b, d}.
We claim that B is a block. Then,

a

r(B) ={c,a}
r2(B) = {b,d}
r3(B) = {c,a}

sr(B) = {a,c}
sr2(B) = {b, d}
sr3(B) = {a, c}

In all the above, we see that the o(B) = B for o(B) N B = () for all o € Dg. Hence B is
indeed a non-trivial block, showing that action of Dg on square is not primitive. O

Proof of Question 4.2, 4. We wish to find two elements in Sg which generate a sub-
group isomorphic to Qg. We interpret Sg as the group of bijections of the set Qg =
{£1, £i,£4,+k}. Consider the left regular representation of Qg in Sg is given by the
homomorphism

©: Qg — Sg
g—>myg



where my : Qg — (g mapping as x — gx. By Cayley’s theorem, or by direct observation,
this map is an injective group homomorphism. Consequently, the G := Im (p) < Sg is
isomorphic to Qg. As Qg is generated by ¢ and j and ¢ is an isomorphism onto G, it follows
that G is generated by ¢(i) and ¢(j), which we calculate as below:

o(i)=(1324)(5768)
0(j)=(1526)(3847).

Hence the above two permuations generate GG, as required. 0

Proof of Question 4.2, 8. Let G be a group and H < G be a subgroup with [G : H] = n.
We wish to show that there exists a normal subgroup K < G such that K < H and
[G: K] <nl

Let X denote the set of all left-cosets of H in G, so that |X| = n. We see that G acts
on X by left multiplication, that is,

GxX —X
(9,9H) — gg'H.

Consequently, we get a representation

¢ : G — Bij(X)
gr—>myg

where my : X — X taking ¢H — gg’H. Consider the kernel K = Ker (¢) which is a
normal subgroup of G. We claim that K < H. Indeed, for any k € K, we have my(gH) =
kgH = gH. Thus (kg)g~' = k € H, as required. This shows that K < H is a normal
subgroup of G

By first isomorphism theorem, we have an isomorphism G/K = Im (). Thus, we deduce

G/K| =[G+ K] = [Im ()] < nl,
as required. O

Proof of Question 4.2, 1. Let G be a finite group of composite order n. Suppose for
all k|n, there exists a subgroup H < G such that |H| = k. We wish to show that G cannot
be simple.

Suppose to the contrary that G is simple. Fix any proper subgroup H < G and let Xp
denote the coset space of H in G. Then, we have an action of G C X by left multiplication.
This induces a homomorphism

©YH G — Bij(XH)

into the group of bijections of Xy and since |Xy| = [G : H|, therefore Bij(Xy) = Sig.n)-
Now consider the kernel Ker (py) < G. Note that

Ker (¢p) ={9€G|ggH=9gHV¢Hec Xy}
<H



since g¢'H = ¢’ H implies that g¢’-(¢') ! = g € H. Now since G is simple and Ker (o) < G,
therefore either Ker (¢pr) = {e} or G. If Ker (¢) = G, then by above above it follows that

G=Ker(pg)<H<G

so that H = G, but our hypothesis that H be a proper subgroup gives a contradiction.
Consequently, Ker (¢r) = {e} is the only possible case and hence ¢ is injective.

We have thus shown that for any proper subgroup H < G, ¢g is injective. Hence,
Im (o) < Sig.p) and thus |G| |[G : H]! for all H < G. By hypothesis, there is a subgroup
H for each k|n, hence it follows that

n|k!'V k|n. (1)

Let p be the smallest prime dividing n. Hence, by Eqn (1), it follows that n|p!. As for any
1 <k < p, ged(k,n) = 1 since p is the smallest factor of n other than 1, therefore n|p!
implies that n|p. Since p|n, so it follows that n = p, a contradiction to the assumption that
n is composite. ]

Proof of Question 4.3, 5. Let G be a group and Z < G be the center. If [G : Z] = n,
then we wish to show that every conjugacy class has atmost n elements.

Let GCG by conjugacy and = € G. Denote C(x) = Orbg(x) to be the orbit of x under
this action, that is, the conjugacy class of z € G. As G/Z is a group of order n, therefore
it suffices to construct a surjective function G/Z — C(x). Indeed, consider the following

v:G/Z — C(x)
gZ %gxg_l.

Indeed, this is well-defined as if gh= € Z (i.e. gZ = hZ), then gh™! = 2 € Z and thus
g = hz. Consequently,

ga:g_l = hz:c(hz)_l =hzzz 'h7 = hazz th7t = ha:h_l,

as needed. Now we claim that ¢ is surjective. Indeed, this is immediate as for any gzg~! €
C(x), we have gZ € G /Z which maps to grg~! under ¢. O

Proof of Question 4.3, 35. Let p be a prime and n € N. We wish to find the size of the
following set

X = {Conjugacy classes C(z) C Sn}
~ lwhere x € S,, is of order p '

We know that if x € .5, then conjugacy class of = has the following interpretation:

have the same cycle type as that of

All those permutations in S, which
C(z) = { } .
reSs,

It follows that C'(x) is uniquely determined by the cycle type of z, so that we are reduced
to counting the following

| X | = # Possible cycle types for elements x € S,, of order p. (2)



Pick an element = € S, of order p and consider its disjoint cycle decomposition (where we
do not write cycles of length 1):

T=T1 - Tp
where z; are disjoint cycles. Since |z| = lem(|x1],...,lem(z,)) = p, therefore |z;| |p for each
i=1,...,r. It follows that |z;] = 1 or p. Since |x;| > 1 by assumption, therefore for each
i=1,...,r we have |z;| = p. As x; are cycles, it follows that each x; is a cycle of length p.

By Eqn (2), we reduce to counting
| X| = # Possible non-trivial cycle types only consisting of cycles of length 1 or p.
Since cycle types corresponds to partitions of n, we further reduce to counting
| X| = # Non-trivial partitions of n consisting only of 1 and p. (3)
Now we may partition n non-trivially using 1 and p as follows:

n=p+-+p+lto-+1
k—‘c?:nes n—kp-times

where 1 < k < N where N is the largest positive integer such that
Np < n.

Hence we see from Eqn (3) that

and by definition of IV, we see that

It follows that

xi=|2].

as required. O

Proof of Question 4.5, 16. Let G be a finite group of order pqr where p < ¢ < r are
primes. We wish to show that G has a normal Sylow subgroup of order either p,q or r.
This shows that any group of order pgr where p, ¢, r are distinct primes is not simple.

Let n,,nq and n, be the number of Sylow subgroups of order p, ¢ and 7 in G. Assume
to the contrary that n,,ng¢,n, > 1. By Sylow’s 3rd theorem we have the following list of
relations:

1. n, =1 mod p and ny|gr thus n, = q,r, qr,

2. ng =1 mod ¢ and ngy|pr thus ny = p,r,pr,

3. n, =1 mod r and n,|pq thus n, = p, q, pq.

10



As p < g < 7, so in item 3, since n, = 1 mod r, so n, # p,q. It follows that n, = pq.
Similarly, from item 2 and p < ¢, we deduce that n, # p. Thus, ny = r,pr. As p is smallest
in p, q,r, therefore n, = q,r, qr.

Now observe that any two distinct cyclic subgroups in G of prime order s, then they
intersect trivially, otherwise they both contain a generator of each other. It follows from
the fact that n, = pq that there are pg(r — 1) distinct elements of order r in G. Similarly
there are ng - (¢ — 1) distinct elements of order ¢ and n,, - (p — 1) distinct elements of order
p. As the sum of these three quantities should be less than |G| = pgr, it follows that

pg(r—1)+ng-(g—1)+n,-(p—1) < pgr.
But since ny > r and n, > ¢, it follows that
pq(r —1)+r(g—1) +q(p —1) < pgr. (4)

But pg(r —1)+7r(¢—1)+q(p—1) =pgr+ qr —q—r. Since ¢ < r and qr > g+ 1 as q,r
are primes therefore pgr 4+ qr — g — r > pqr. This contradicts Eqn (4). This completes the
proof. O

Proof of Question 4.5, 23. We wish to show that any group G of order 462 is not simple.
Note that |G| =462 =2-3-7-11. Let n be the number of Sylow 11-subgroups. We claim
that n = 1. This will complete the proof as G would then have a unique normal Sylow
subgroup of order 11 by Sylow’s 2nd theorem, and thus be not simple.

By Sylow’s 3rd theorem, it follows that n|2 -3 -7 and n = 1 mod 11. The former
condition yields that

n=1,23,76,14,21,42.

But none of the above are 1 mod 11 except n = 1. This completes the proof. ]

3 Week 3 : Aut(S5,) = Inn(S,) for n # 6, semi-direct products

Proof of Question 4.4, 18. a) Let G be a group and ¢ € Aut (()G) be an automorphism.
We wish to show that ¢ permutes the conjugacy classes of G. Indeed, pick any ¢ € Aut (()G)
and a conjugacy class C(x) = {grg~' | g € G} where z € G. We claim that

p(C(z)) = Clp(x)).
Indeed, to see (C), pick any element (gzg—t) € ¢(C(x)). We see that

e(grg™") = o(g)p(x)e(g") € Clp(x)).

Conversely, for hp(x)h~t € C(p(z)), we have h = ¢(g) for some unique g € G as ¢ is an
isomorphism. Consequently,

ho(z)h ™" = p(g)p(x)e(g) " = @(grg™") € ¢(C(x)).

This completes the proof.

11



b) Let K be the conjugacy class of all transpositions and K’ be the conjugacy class of
an element x € S, of order 2 but not a transposition. We wish to show that |K| # |K’|.
Using this, we further wish to show that any automorphism of S, sends transpositions to
transpositions.

Recall that if g € S, then the conjugacy class of g, denoted C, depends only on the
cycle type of g and contains exactly all those elements whose cycle type is equal to that of
g. As cycle type of a transposition is 2, therefore K consists of all elements of .S,, of cycle
type 2, hence

7| = 2
Now, let x € S,, be an element such that K’ is its conjugacy class. It follows from unique
decomposition into disjoint cycles of x that

xTr = xl e e e xr
where x; are disjoint cycles and r > 1. Since |z| = 2 and |z| = lem(|z1], ..., |z,|), it follows
that for each ¢ = 1,...,r, either |z;| = 1,2. Since |z;| = 1 implies x; is identity, hence we

may assume by reducing r that x = x1 ..., and each x; is a disjoint cycle of order 2, that
is, z; is a transposition. Hence, the cycle type of z is 2+ 2+ --- + 2. It follows that K’
|

r-times

consists of all elements of cycle type 2 + - - - + 2 r-times. It follows that
nC2 . n—QCQ o n—2(r—1)C2

!/
|K | - rl
We claim that the above count is not equal to |K| = % = "Cy. Fix ann > 7 and
2 <r < n/2. Observe that to show |K'| # | K], it suffices to show that
n=20y. . 2Dy £, (1.1)

Suppose to the contrary that there exists n and r as above such that in Eqn. (1.1) we have
an equality. Observe that

(n—2)!

n—2 n—2(r—1) —
Cy... C2 = Gty =5

Hence our assumption gives the following equality:
(n—2)=rl-2"1 (n—2r)

Now observe that

m=21=1-2-3-----p-(r+1)---2r—1)-2r-2r+1)----- (n—2)
N——
rl >or-1 >(n—2r)!
where (r +1)-----(2r—1) > 2""lasr>2sor+k>2forall 1 <k <r— 1. Similarly,

2r-(2r4+1)-----(n—2) >2:3-----(n—2r)as 2r+k > 4+k > k+2forall0 < k <n-—2r—2.
Hence we have obtained that

2 b (n—2r) = (n—2)! >7rl- 277 (n—2r)!
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which gives the required contradiction.

Now for n < 5, we see that since 2 < r < n/2, therefore n = 4,5 and r = 2 is the only
possibility. In this case, Eqn. (1.1) is immediately true. For n = 2,3, there is no element
of order 2 which is not a transposition. This completes the proof that |K| # |K’|.

Finally let ¢ € Aut(()S,) and K be the set/conjugacy class of all transpositions. We
then wish to show that p(K) = K. Indeed, in part a), we saw that automorphisms take
conjugacy classes to conjugacy classes. Therefore p(K) is a conjugacy class of S,,. In order
to show that p(K) = K, it would thus suffice to show that ¢(K) contains a transposition
(as p(K) is itself a conjugacy class). Let z € K be a transposition. As ¢ : S,, — S, is an
automorphism, therefore we claim that ¢(z) is also a transposition.

Suppose ¢(z) = yi ...y, is the disjoint cycle decomposition of ¢(x). As ¢~
morphism, therefore we obtain

1is a homo-

z=¢" (Y1) o7 ()

Let © = z1... x5 be the disjoint cycle decomposition of x obtained by decomposing each
o~ !(x;) as a disjoint cycle decomposition. Since z is a transposition, therefore for all except
one ig, r; = (), so that = x;,. It thus follows that x = ¢~ (y;,) = z4,. Hence o(z) = v;,
where y;, is a cycle. As p(z) is of order 2 (automorphisms preserves order), therefore y;, is
a cycle of order 2, that is, a transposition, as needed.

c) Let 0 € Aut (()S,). We wish to show that there exists distinct a, b, ..., b, € {1,2,...,n}
such that o((1 k)) = (a bg) for all 2 < k < n.

Observe from part b) that o((a b)) is also a transposition. We first show that each
o((1 k)) and o((11)) are not disjoint transpositions for 1 < k # [ < n. Denote

o((1 k) = (ak br)
o((11)) = (ar b). (1.2)

Assuming that (ay by) and (a; b;) are disjoint, we deduce that

o((Llk))=o((Lk) (11)) = (ak bg) - (ar br)

is a disjoint cycle decomposition of o((1 I k)). It follows that o((1 ! k)) is an order 2
element, but ¢ is an automorphism and (1 [ k) a 3-cycle, so o((1 [ k)) must have order 3,
a contradiction. This shows that in Eqn. (1.2), (ax bx) and (a; b;) are not disjoint. Hence
we write o((1 k)) = (a bg) and o((1 1)) = (a b;). Note that since ¢ is an automorphism,
therefore by, £ b;.

We now show that o((1 m)) is also of the form (a by,). Indeed, denote o((1 m)) =
(am by) for m # k,l. Then, by above (an, by) is not disjoint with (a b;) and (a b;). If
am = a or by, = a, then we are done. If not, then it follows that a,, = by and b,, = b;.
Consequently, we have o((1 m)) = (bg b;). We claim that this implies (1 m) = (k ), which
is a contradiction to the fact that m # k,[. Indeed, we have the following

a((1m)) = (bg bi) = (a bg) - (a by) - (a by)
(Lk)-(110)-(1k))



As ¢ is an automorphism, so it follows that (1 m) = (k [) as required.
This shows that for each 1 < k < n, we have

o((1 k) = (a bk)

for some a,b; € {1,...,n}. We now need only show that by # b; for k # [. This is imme-
diate, for if by = b, for some k # I, then o((1 k)) = (a bx) = (a b)) = o((1 1)) and thus
(1k)=(11), a contradiction.

d) We wish to show the following:

1. S, is generated by the set X = {(1 k) | 1 <k < n}.

2. Any o € Aut (()S,,) is uniquely determined by values on each (1 k) € X.

3. Aut (()Sn) = Inn(S,)
1. Indeed, since we know that each element of S,, can be written as a product of trans-
positions, hence it suffices to show that each transposition (k [) is obtained by product of
elements from X. This is immediate as

(k1) = (1 k)11 k).

2. Pick any o € Aut(()S,). By part c¢), we conclude that o defines a permutation of
{1,2,...,n}. If 7 € Aut(()S,) is any other permuation such that 7((1 k)) = o((1 k)) for
all 2 < k < n, then since X generates .S,, therefore o = 7.

3. By item 2, it follows that every o € Aut (().S,) gives a unique permutation of {1,2,...,n}.
Hence there are atmost n! automorphisms of Sy, i.e |Aut (()Sy,)| < n!. But since Inn(S,,) <
Aut (()S,) and Inn(S,) = S,/Z(Sy) where Z(S,,) is trivial, therefore |Inn(S,,)| = |S,| = n!.
Consequently, n! < Aut (()S,) < n!. Hence, it follows that Aut (()S,) = Inn(S,) = S, if
n # 6. O

Proof of Question 5.4, 19. a) We wish to show that any simple non-abelian group is
perfect. Indeed, let G' be such a group. It would suffice to show that G’ < G is a normal
subgroup. Denote

X ={ghg'h"!|g,he G} CG.
Pick any k € G. We wish to show that kG'k~! = G’. Denote
[:={H<G|HDX).
Since G' = ¢y H. Thus,

KG'k™h = () kHE . (2.1)
Hel

Hence we reduce to showing that G' = (< kH k=1, To this end, it is sufficient to show
that

I={kHK™'|H eI}, (2.2)
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that is, conjugating with k permutes I. Indeed for (D), pick H € I. We first claim that
kHE™! € I. We must show that kHk™! D X if H D X. Indeed, pick ghg 'h~! € X. Write

ghg *h™t =k (k7 'gk) - (K7 hk) - (K tgk)™t - (k7 thE) T ETL

€eXCH

It follows that ghg~'h™' € kHEk~'. This shows X C kHk™!, that is, kHk~' € I.

For (C), pick H € I. We wish to show that H = kMk~! for some M € I. Since
k~1HE € I by above, therefore k(k~'Hk)k~! = H. This shows the claim in Eqn. (2.2) and
thus completes the proof.

b) Let H, K < G be a perfect subgroups of G. We wish to show that (H,K) < G is
also a perfect subgroup. We first observe the following fact that we know.

Lemma 3.0.1. Let G be a group and S C G be a subset. Then the subgroup (S) < G
generated by S consists of finite product of elements from S and S~'. That is,

(S)y={s1...5, € G |si €S ors; e}

Now consider the commutator subgroup of (H, K) denoted D'(H, K). We wish to show
that

DYH,K)= (H K).

We already have D'(H, K) C (H,K). For the converse, pick ab; ...asb, € (H, K) where
a; € H and b; € K by Lemma 1. Now observe that a commutator element of either H or
K is a commutator element of (H, K). As we wish to show that ajb; ...asb, € D'{H, K),
therefore it suffices to write it as a product of commutators of (H, K).

Indeed, since we have the following as H and K are perfect:

a; = hihih; TR
by = kikik; Tk
for each 1 < i < n where h; € H and h; € K. Consequently, we may write
arby ... anby = (PP hT BT (R ke KT Y o (Bl by YR ) (R K Ky Y1)

where the product in each bracket is in D'(H, K). Hence, aib;...a.b, € D'(H,K), as
needed.

We now wish to show that subgroup generated by any collection of perfect subgroups
is perfect. Indeed, let {H,}aer be a collection of perfect subgroups of G. We claim that
H = (H, | a € I) is perfect. Indeed, pick any element aq, - .. aq, of H where a, € Hy,. We
wish to show that aq, . ..aa, € D*H. As each Hy, is perfect, therefore aa, = ga,9h,9a, Jo;
for each i € I and ga,,g,, € Ha,- As every commutator element of H, is a commutator
element of H, therefore by writing

n
_ / -1 /-1
g, - - oy, = | | 9019090 9
=1

15



we deduce that aq, . ..as, € D'H, as needed. This completes the proof.

c) We wish to show that any conjugate of a perfect subgroup is perfect. Let ¢ € G and
H < G be a perfect subgroup. We wish to show that gHg¢g ™! is also perfect. It suffices to
show that if H < G is a subgroup then D'(gHg™!) = gD'(H)g~!. Indeed, this is immediate
from the following expression for any h,k € H:

(ghg™")(gkg ) (ghg™") " (gkg™") ™" = g(hkh™ 'k~ )g™"!
This completes the proof.

d) We wish to show that any group G has a unique maximal perfect subgroup and this
subgroup is normal.

Indeed, let J = {H < G| H is a perfect subgroup}. Consider the subgroup H = (H <
G | H € J) generated by all perfect subgroups. By part b), H is a perfect subgroup of G. It
is also maximal perfect subgroup as if there is any perfect subgroup H < G, then H < H.
Uniqueness is also clear as if there is another maximal perfect subgroup say K < G, then
K € J and thus K < H. Since K is maximal, therefore K = H, as needed.

We now show that H is normal. Pick any g € G and consider the conjugate gHg
As H is perfect, therefore by part c), so is gHg . Consequently, gH g~' € J and thus
gHg ' < H. We now wish to show that H < gHg *. Pick h € H. Since kHk™* < H
for each k € G, therefore g1 Hg < H as well. It follows that ¢-'hg € H and thus
h = g(g~thg)g -1 € gHg'. This shows that H = gHg ! for all ¢ € G, and thus H is
normal. O

-1

Proof of Question 5.5, 6. Let K be a cyclic group and H be a group. Consider two
homomorphisms

©Y1,¥2 - K — AUt (()H)a

which we may assume to be injective if K is infinite. Suppose Im (¢1) and Im () are
conjugate subgroups in Aut (()H). We then wish to show that then there is an isomorphism

Hx, K=HxX,,K.
By assumption, there exists 0 € Aut (()H) such that oIm (¢1)o0~ ! = Im (p2). As K is

cyclic, therefore let k& € K be the generator of K. Consequently, there exists n € Z such
that

ooypy(k)o ol = wa2(k)". (3.1)
Now consider the function

Y H Xy K — H Xy, K
(hy k) 7= (o (h), k7).
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We first show that 1 is a group homomorphism. Let (h1, k%), (he, k%) € H x, K be two
elements where a,b € Z. Then

w((hlﬂka) h27kb

h1¢1(ka )(h2), kﬁb))
hy - 071 0 oo (k™) 0 o (hy), k“H) )

Y ((
Y ((

(o (h1 o7 o (k™) 0 0(ha))) , k@)
(o(h1) - @a(k™™)(a(ha)), KlTPm)

= (a(h >ka">.<a<h2>,kb">

= ((h1, k%) - ¢ ((h2, k"))

as needed. We now construct an inverse of @. We divide this in two cases for K. First
suppose that K is infinite cyclic with generator k. Then since o~ 'Im (¢2)o = Im (1),
therefore we get some m € Z such that

o lo pa(k) oo = pi(k)™.

Hence, we have that @s(k) = gop1(k™)oo™t = @o(k)"™. Consequently, k™! € Ker (¢2).
Since 9 is injective by our hypothesis, therefore k" = k.
Now consider the following map

kiHXp K — Hxy K
(h, k) — (071 (h), k*™).

We claim that this map is an inverse for ¢. Indeed we first show that kot = id. Indeed, pick
(h, k%) € Hx gy K. Then s(((h, k%)) = k((o(R), k™)) = (h, ko™™) = (b, (K"™)%) = (b, k).
Similarly, it follows that ¥ o x = id.

Finally, assume that K = (k) is a finite cyclic group of order [. Consider the following
map (it suffices to define the map only on the generator of K):

kiHxXpy K — H Xy K
(h, k) — (h, k™)

where m € N is a positive integer such that k™" = k. We show the existence of such an
integer m later. Let us otherwise complete the proof. Indeed, ko1 = id as for any (h, k%) €
H %y, K, we get £(1((h, k%)) = r((o(h), k™)) = (e~ o (h), k™) = (h, (k™)) = (h, k*).
Similarly, one sees the other direction.

Now we show the existsence of m. We wish to find m € N such that {jmn — 1. This
is equivalent to showing that ged(n,l) = 1. We will show that by approriately replacing
n so that the new induced map v still is a homomorphism, this can be achieved. Observe
that p2(k) € Aut (()H) is an element of order coprime to n as ¢a(k)"™ is a generator of
Im (p2) = (p2(k)). Denoting a = |pa(k)|, we have ged(a,n) = 1. Moreover, we know in
general that a|l. Now observe the following lemma:

Lemma 3.0.2. Let a,n,l € Z be integers such that gcd(a,n) = 1 and all. Then there ezists
n' € Z such that n’ =n mod a and ged(n',1) = 1.
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Proof. Consider n’ =n+q ...q-a where g; is a prime such that ¢;|l and ¢; /n. Pick any
prime p|l. If p|n, then p [ q1...qra. Similarly, if p / n, then plq; ...qgra. This shows in
both cases that p [ n/, as required. O

Finally, using Lemma 3.0.2, we claim that we can replace n by n’ and the map
thus obtained would still be a homomorphism. Indeed, in Eqn. (3.1), one observes that
0o (k)" = (k)" as n’ =n mod a, where a = |ps(k)|. This completes the proof. O

Proof of Question 5.5, 8. a) We first wish to find a non-trivial group of order 75 =
3 - 52. By general results on semi-direct products, we need only construct a non-trivial
map ¢ : Zz — Aut (()Zs x Zs) to construct a group (Zs x Zs) X, Z3, which would thus be
non-abelian. Indeed, we further reduce to showing that Aut (()Zs x Zs) has an element of
order 3. It thus remains to be seen that what is the order of Aut (()Zs x Zs). Observe that
automorphisms of Z, x Z,, are just invertible Z,-linear transformations Z, x Z,, — Zy, x Z,, for
any prime p. It follows that Aut (()Z, x Z,) = GLa(Z,). Since |GLa(Z,)| = (p* —1)(p* —p),
therefore we see that

|Aut (()Zs x Zs)| = |GLa(Zs)| = 480 = 23 - 3 - 5.

Hence, there is an element of order 3 in Aut (()Zs x Zs) by Cauchy’s theorem, as required.
We now construct an explicit element matrix A € GLa(Zs) of order 3, which we then
use to construct the map ¢ : Zs — Aut (()Zs x Zs). Indeed, observe that the matrix

0 -1

A:[l ~1

} € GLa(Zs)

is of order 3. Indeed, one constructs this as the companion matrix of p(z) = 2% + z + 1
where p(x) € Zs[z]. Then since 2° — 1 = (z — 1)p(x), therefore A3 — I = 0, as required.
Hence, the map

@ : Zg — GL2<Z5)
1— A

gives the required map ¢. Hence, the operation of group (Zs x Zs) X, Z3 is given as follows.
Consider two elements ((a1,b1),c1) and ((az,b2), c2) in (Zs x Zs) %, Z3. We showcase their
product as follows:

((a1,01) - (a2,b2),0) ifep =0
((alvbl)vcl) ) ((a27b2)’62) = ((ahbl) ) (_b27a2 - b2)762) ifc; =1
((Cbl, bl) . (—az + bg, —ag), 262) if c1 = 2.

The above multiplication on the set (Zs X Zs) X Zs3 hence defines a group which is non-
abelian of order 75, as needed.

b) We wish to classify all groups of order 75. Indeed, we claim that upto isomorphism,

there are only three groups of order 75, out of which two are abelian and only one is
non-abelian:
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1. Zrs,

2. Zg X Z5 X Z5,

3. (Z5 X Z5) X Zg,
where ¢ is as constructed in part a). The first two follows from structure theorem for finitely
generated abelian groups and the fact that Z,, X Z,, = Z,, is ged(m,n) = 1. The non-trivial
part is to show that any non-abelian group G of order 75 is isomorphic to (Zs x Zs) X, Zs3.
We show this now.

We first claim that there is a unique Sylow 5-subgroup of G. Indeed, let ns be the no.
of Sylow 5-subgroups of G. Then by Sylow’s third theorem, it follows that ns =1 mod 5
and ns|3. The only solution to this is ns = 1. Hence, there is a unique Sylow 5-subgroup
K = Zos of order 25. By Sylow’s second theorem, K is a normal subgroup. Moreover,
observe by Cauchy’s theorem that there exists an element of order 5 in K. This means
that K is not cyclic of order 25. Hence, every element in K is of order 5. Pick two disjoint
subgroups of order 5 in K, which exists as every non-identity element in a group of order 5
is a generator. It follows that K = Z5 X Zs.

Observe that there are subgroups of order 3 by either Cauchy or Sylow. Pick any one
and call it H. Note H =2 Z3. We claim that HN K = e and H - K = G. Indeed, this follows
from size arguments as |H - K| = “gyﬁ‘ = 75. Hence, we deduce that G is an internal semi-
direct product of H and K. It follows that under the conjugation map ¢ : H — Aut (()K),
we have G = K x H = (Zs x Zs) %y Z3. Observe that Aut (()Zs x Zs) = GLa(Zs) and
thus is of order 480 = 2°-3 - 5.

Since the images of ¢ and ¢ are both subgroups of order 3 in Aut (()Zs X Zs), therefore
they are both Sylow 3-subgroups of Aut (()Zs x Zs). It thus follows by Sylow’s second
theorem that Im (¢)) and Im (¢) are conjugate. By Question 5.5, 6, it follows that G =
(Z5 X Z5) X Zg = (Z5 X Z5) X Zg, as needed.

O]

Proof of Question 5.5, 24. Let n = p{'...p2" be a positive integer where p; are distinct
primes. We wish to show that the following are equivalent:

1. Every group of order n is abelian.

2. Each o; =1 or 2 and p; /{’p;xj — 1 for all 4, 5.
(1. = 2.) Suppose to the contrary that statement 2 is not true. In each case, we then
construct a non-abelian group of order n, taking help of semi-direct products.

If statement 2 is not true, then either for some ig = 1,...,7r, a;, > 3 or for some
i0,jo = 1,...,7, we get p;, |10(;0JO — 1. Before proving both the cases, we state the following
claims.

Lemma 3.0.3. There is a non-abelian group of order:
1. p?,
2. p® for each o > 3,
3. pq where plqg — 1,
4. pq® where p|¢® — 1,
5. p*¢® where 1 < a, 8 <2 and p|q® — 1.

Proof. Ttems 1 and 3 are done in Dummit & Foote. For item 2, consider any group of
order p®~3, say H and let K be a non-abelian group of order p® as constructed in item 1.
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Then, H x K is a non-abelian group of order p®, as it contains a non-abelian subgroup.
For item 4, since p|¢®> — 1, Aut (()Z, x Z,) = GL2(F,) and |GLa(F,)| = (¢* — 1)(¢* — q),
therefore p| |Aut (()Zq X Zg)|. It follows by Cauchy’s theorem that there exists a non-trivial
map ¢ : Z, — Aut(()Zy X Zy). As any non-trivial (the underlying map is non-trivial)
semi-direct product yields a non-abelian group, therefore (Zy x Z4) %, Z, is a non-abelian
group of order pg?, as needed. Using item 4, one can prove item 5 as follows. We proceed
by considering various cases on « and (5.
1. If « =1 = 4. Then, by item 3, we are done.
2. If a =1 and g = 2. Then, by item 4, we are done.
3. If a =2 and § = 1. Then p|¢g — 1 and thus by item 3, we have a non-abelian group
of order pq, say H. Take the group of order p, say K, and consider H x K, which is
thus a non-abelian group of order p?q.
4. If &« = 2 and B = 2. Then, by item 4, there is a non-abelian group of order pg?. We
may multiply it by the group of order p to get a non-abelian group of order p?q?.
This completes the proof of the lemma. O

We now use Lemma 3.0.3 to complete this direction. Indeed, if oy, > 3, then by the
above lemma, we have a group H of order pio;if’. Let K be a group of order [] jtio p?j. Then
H x K is a group of order n which is not abelian, a contradiction.

Finally, if there exists ig, jo € {1,...,r} such that pio\q;;jo — 1, then we proceed as fol-
lows. We may first assume that all 1 < «o; < 2 as if not, then we are in previous case and
we would be done. By Lemma 3.0.3, 5, there is a non-abelian group H of order pz)io qjo.;jo.
Let K be any group of order [], Lio o pp". Then H x K is a non-abelian group of order n,
a contradiction. This completes the proof of forward direction.

(2. = 1.) we proceed by strong induction on n. The case for n = 1,2 is immediate.
Now suppose that every group of order m = [[i_; p;" < n such that a; = 1 or 2 and
pi p?j — 1 for all 4,7 is abelian. Let G be a group of order n. By inductive hypothesis,
every proper subgroup of G is abelian. We wish to show that G is abelian. The proof of this
is complicated and hence we first state all the steps we need in the following proposition.

Proposition 3.0.4. Let G be of order n = [];_, p;"* such that a; =1 or 2 and p; )(p?j -1
for alli,j . Suppose further that every proper subgroup of G is abelian. Then the following
statements are true:

1. G is solvable.

2. There exists a proper normal subgroup N < G such that G/N is prime cyclic.

3. The center ZG is equal to G. That is, G is abelian.

The proof of (2. = 1.) would then follow from item 4 in above proposition.

Proof of Proposition 1. 1. This follows from item 1 and Exercise 56 of §4.5 of Dummit-
Foote.

2. By item 2, G is solvable. Then, by one of the equivalent criterion of solvability, it
follows that there is a composition series with prime cyclic factors. Therefore there
is a normal proper subgroup N < G such that G/N = Z,, where p is a prime, as
required.
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3. By item 3, there is a normal subgroup N < G of index prime p; (WLOG) where
p1 is a prime dividing |G| = n = p{'...p%". Now consider the action of G/N as

automorphisms of N by conjugation, that is,

G/Nx N — N
(gN,n) —s gng™".

This determines a homomorphism

¢:G/N — Aut (()N). (5.1)
Observe that

IN|=pf~ips? . ppr

where 1 < o; < 2. Observe that N is abelian by item 1. In particular, N is an abelian
group of order p{* ~'pS2 ... p2r. Tt follows by structure theorem of finitely generated
abelian groups that either N is isomorophic to Z,, x N’ or to N’, where N’ is some
abelian group of order p5? ... p%".

Now since Aut (()K;1 x K2) = Aut (()K1) x Aut (()K2) by pre and post composing

with inclusions and surjections of factors, we deduce that

Aut (ON) 2 {Aut ()Zp,) x Aut (()N') or,
Aut (()N).

Thus, [Aut (ON)| = (p1 — 1) x |Aut (()N')| or |Aut (()N)| = |Aut (()N’)|. Observe
that since py /{p?j —1for all j =2,...,r, therefore we claim that p; [ |Aut (()N')].
Indeed, by another use of structure theorem, for each j = 2,...,r, either N’ will have
Zy, as a factor or Zp§ as a factor or Z,, x Zj, as a factor. Consequently, |[Aut (()N')]
will have either p; — 1 as a factor pJQ. — pj as a factor, (pj2 — 1)(p? — pj) as a factor.
As p; does not divide any of the three, therefore we conclude that the map ¢ in Eqn.
(5.1) is trivial. That is, the conjugation action of G/N on N is trivial. Therefore for
every gN € G/N, gng~! = n for all n € N. Tt follows that N < ZG. If N = ZG,
then G/ZG is cyclic and thus G is abelian, so we are done. If N < ZG, then ZG/N
determines a non-trivial subgroup of G/N = Z,,. It then also follows that ZG = G,
as required.

This completes the proof of the proposition. O

This completes the proof of the result. O

4 Week 4 : Free groups, irreducibility

Proof of Question 6.3, 3. We wish to show that the commutator subgroup H = [G : G]
of G = 7Z x Z is not finitely generated. Recall that

H={ghg™'h™" | g.h € G).

21



Suppose that H is finitely generated. We first claim that there is a finite subset of S =
{ghg=th™1| g, h € G} which generates H. Indeed, since there is a finite generating set, say
T = {t1,...,tn} C H, therefore we may write each t; € T as a finite product of elements
from S. Let FF C S be the finite subset obtained by taking all elements of S which appear
in factorization of each t; € T'. Thus F generates H, as required.

Let F = {gkhkglzlhlzl | k=1,...,L} and furthermore, denote

my, my,
g = a1 bRz o oa T th

ng ng
hp =a™b™2 . .a "k—1h "k

where a,b € G are the two generating elements of G. Now observe the following for each
1<k<L:

Now let M = Zé:l my, and N = 25:1 ng,. Further, denote
H' = (grhigy b [k =1,...,L)

which is equal to H by assumption. Since any element in H’ is obtained by finite product
of elements from F. Thus, every element in H’ will be of form a™k1b™*2 ... ... b M2q ™M
for some 1 < k,I < L. Pick any k > max{M, N}. Then the element a"b"a="b~" is in H,
but not in H'. This shows that H' # H, a contradiction. Thus H is not finitely generated,
as required. ]

Proof of Question 6.3, 10. Consider Sg and the following five elements ¢/ in Se:

th = (12)(34)(5 6)
t), = (14)(25)(36)
th = (13)(24)(5 6)
th = (12)(36)(45)
th = (14)23)(56)

We wish to show the following three statements:
1. (#)? =1 for each i = 1,...,5, (t;-t;-)Q =1 for |i —j| > 2 and (}t;,,)® = 1 for each
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1< <4,
2. Sg is generated by t;, 1 <1i <5.
3. The map ¢ : S¢ — S given on generators by (i i+ 1) — ¢, for each i = 1,...,5 is an
automorphism.

1. Let ¢ € {1,...5}. Then since each ¢, is a product of disjoint transpositions, there-
fore tit. = 1. For the next, observe that all the pairs (i,j) such that |i —j| > 2 are
(1,3),(1,4),(1,5),(2,4),(2,5),(3,1),(3,5), (4,1), (4,2), (5,1), (5,2), (5,3). We show this only
for one pair from the above, the rest follows exactly similarly. Let (i,7) = (5,3). Then

thts = (14)(23)(5 6) - (13)(2 4)(5 6)
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Then since t5t} is a product of disjoint transpositions, therefore (t5t5)%? = 1, as required.

Finally, to show that (tgtgﬂ)‘3 =1 for each i = 1,...,4, we show this again only for one 1,

the rest following in the exact same manner. Indeed, let i = 4. Then

thth = (12)(36)(45) - (1 4)(23)(5 6)
= (153)(264).

As t)tt is a product of disjoint 3-cycles, hence it follows at once that (#,t5)% = 1, as required.
This completes the proof of item 1.

2. Recall the following presentation of S,:

Sn = <t1, e 7tn—1 | t? = 1, (titz‘_;,_l)g =1V: and titj = tjti V’Z —j’ > 2>.

By item 1, we already have five elements #{,...,¢; which satisfies (¢[)? = 1 = (¢;t}, )
for all 4. Now since tt;t; = 1 for each |i —j| > 2, and since each t; = ti=1 therefore
t;t;t;flt;fl = t;t;tgt; =1, as needed.

Thus we have found the required five elements in Sg which satisfies the relations the
generators have to satisfy. Hence, Sg = (t],...,5).

3. Let t; := (i ¢ + 1). Observe that {¢;} and {t/} both are generating sets of Sg which
satisfy the same relations, that is, both of them gives a presentation of Sg. The ¢ defined
on t; as t; — t; gives a unique group homomorphism. Similarly we may define ¢ : Sg — Sg
on the generating set {t;} as t; — t;. Now it is immediate that ¢ o ¢ on generating set
{t;} maps as t; — t;. Thus ¢ o ¢ = id. Similarly, ¢ 0 = id. Hence, ¢ : Sg — Sg is an
isomorphism, as required. O

Proof of Question 13.1, 5. Let a € Q be a root of a monic polynomial p(z) € Z[x]. We
wish to show that « is an integer.

Let us write o = § where we may assume gcd(a, b) = 1. Recall that Z is a UFD, so the
results surrounding Gauss’ lemma holds here. As p(z) € Q[z] has a zero in Q given by a, it
follows that bx — a|p(z) in Q[x]. As ged(a,b) = 1, therefore bz — a is a primite polynomial
in Z[x]. Hence by general results around Gauss’ lemma, we deduce that bx — a|p(x) in Z[z].
Consequently, there exists q(z) € Z[z] such that

p(z) = (bx — a) - ().

As p(x) is monic, it follows that the leading coefficient on LHS is 1. Thus, there exists ¢ € Z
such that bc = 1, showing that b is a unit in Z. As the only units of Z are £1, therefore we
have b = +1. It follows that a = ¢ is an integer, as required. O

Proof of Question 13.1, 8. We wish to show that if a # 0,2, —1, then the polynomial
p(z) = 2° — ax — 1 € Z[z] is irreducible.

First observe that if ¢(z) € Z[z] divides p(x) then p(x) = q(z)-r(z) for some r(x) € Zx].
It follows that ¢(x) and r(z) are monic. It thus suffices to show that there are no linear or
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quadratic monic factors of p(x). Indeed, suppose ¢(x) = = —n € Z[z] is a linear factor of
p(x). Then, we yield

n® —an—1=0.

We may write this as n(n* —a) = 1. As n and n* — a are integers, therefore we deduce that

either n =1 and n* —a =1, or n = —1 and n* —a = —1. In both cases, a = 0 or a = 2,
which we assumed to not be the case, hence a contradiction. This shows that p(x) has no
linear factors.

In the other case, if p(x) has 22 4 bx + ¢ as a factor, then we may write

p(x) = (2® +br +c)- (2° +da* +ex + f)
for d,e, f € Z. Expanding the RHS, we deduce that
p(x) =2° —ax —1 =2+ (b +d)a* + (c+bd + e)a® + (cd + be + f)z* + (bf + ce)x + cf.

From this, it follows that

b+d=0
c+bd+e=0
cd+be+ f=0
bf + ce = —a
cf = —

The last equality in particular implies that c =1 and f = —1 or ¢ = —1 and f = 1. Suppose
the former is true, that is ¢ = 1, f = —1. By fourth equality, we get —b + e = —a. Solving
the rest, we obtain d(1 —e) = 1 and e = 1 + d?. Solving these two yields d = 1. It follows
that e = 0, but then d? = —1, not possible.

Now suppose the latter is true, that is ¢ = —1, f = 1. One can then derive from above
equations that d(2 + d?) = 1. It follows that d > 0. But there is no solution to the above,
a contradiction.

This proves that p(z) has a no linear or quadratic factors, hence is irreducible. O

Proof of Question 13.2, 4. We wish to find degree of a = 2+ /3 over Q. Observe that
for p(x) = 2% — 4z + 1 € Qx] is such that p(a) = 0. Therefore mq o(z)[p(x). As ma ()
is not linear as a ¢ Q, it follows that mq g(z) = p(x).

Next, we wish to find degree of 3 =1+ 2/3 4 22/3. Observe first that

1 B (21/3)3 -1
21/3 _ 1 91/3 _1

It follows from above that 8 € Q(2'/3), so that Q(3) € Q(2'/3). We now claim that
Q(2'/3) C Q(B). Indeed, as § = (2'/3 — 1)~!, therefore this is immediate. We thus deduce

that Q(2/2%) = Q(B), and thus [Q(3) : Q] = [Q(2'/?) : Q] = 3, as required. O
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Proof of Question 13.2, 5. We wish to show that 2% — 2 and 23 — 3 are irreducible over
F = Q(i). Indeed, it suffices to show that F[z]/(z —2) and F[z]/{x3 — 3) are prime ideals
(or, equivalently by PID condition, maximal ideals). We first prove this for 2% — 2. We wish
to show that F[z]/(z® — 2) is a domain. Indeed, since F = Q[y]/(y* + 1), therefore we get
that

0
Flo] _ 380 oz
-2 23 -2 23 -2+ 1

Now observe that (22 —2,y%+1) is a prime ideal in Q[z, y] as it is the kernel of the following
map

0:Qlzr,y] — C
fla,y) — F(213,0)
Indeed, it is clear that (x3 — 2,9% + 1) C Ker (9). Conversely, if f(x,y) € Ker (6), then

the image of f(z,y) in Qz,y]/(y*> + 1) = Q(i)[z] is f(z,y) and is in the ideal (z3 — 2).
Thus, f(x,y) = p(x) - (z3 — 2) in Q(i)[z]. Going back to Q[z,y], we obtain that f(z,y) =
p(z) - (3 —2) + q(x,y) - (y* + 1), as required. This shows that Ker () = (23 — 2,92 + 1).
Thus, (3 — 2,y? + 1) is prime, as required. This completes the proof. One can show that
o3 — 3 is irreducible in F[z] in the exact same manner. O

Proof of Question 13.2, 17. Let F be a field and f(z) € F[z] be an irreducible poly-
nomial of degree n. Let g(x) € F[x]. We wish to show that if p(x) € Fx] is an irreducible
factor of f(g(z)) € Flz|, then degp(x) is a multiple of n.

We translate this problem into finite degree field extensions and their properties. Denote

and

Both are field extensions of finite degree over F' with [K : F| =deg f(x) =n and [L : F| =
deg p(z). We claim the following two statements:

1. There is an injective homomorphism K — L.

2. The extension L/K is finite.
This would complete the proof as then we would have

degp(z)=[L:F]=[L:K]-[K:F]=[L:K]-n

as required. Hence we reduce to proving the above two claims.
For item 1, observe the map

0 : Flx] — Flx]
x— g(x).
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Consider the ideal (p(x)) < F[z]. We have

0~ ((p(2))) = {r(z) € Fla] | p(x) divides r(g(z))}
(f(x))-

But since f(x) is irreducible, therefore (f(x)) is maximal and since 6 is non-trivial, it follows
that

I

We now at once conclude that € induces the following injection:

Flg] | Fla] _

(f(x))  p(z)

K=

as needed.

We now prove item 2. As finite extensions are equivalent to finitely generated algebraic
extensions, therefore we reduce to showing that L/K is finitely generated and algebraic.
Since L/F is algebraic and K O F', therefore we immediately, deduce that L/K is algebraic.
We hence need only show that L/K is a finitely generated K-algebra.

To this end, we first observe that L is generated by one element over F' as we have a
surjection Fly] — L given by y — Z. We also have an injection F[y] — KJy| given by
y — y, which extends the inclusion F' — K. Now consider the map F[y] — L given by
y — T. We have the following comutative diagram:

Kly]

\ :

Fly) —— L

The commutativity of the above triangle immediately forces the map Kly] — L to be
surjective. This shows that L is generated by a single image as a K-algebra, as needed.
This completes the proof. ]

5 Week 5 : Degree, splitting fields & normal extensions

Proof of Question 13.2, 22. Let K/F be a field and K O K;, Ko O F be two subfields.
We wish to show that the following are equivalent:

1. K1 ®p K> is a field.

2. [K1K9: F]=[K;: F|-[Ky: F].
(1. = 2.) We first show that K1 @ p Ko = K1 K5. This would suffice as dimp (K ®p K2) =
dimp K7 - dimp Ko, which is equivalent to thus [K1Ks : F| = [K; : F][Ks : F]. Indeed,
consider the bilinear mapping f : K; x Ko — K K5 given by (k1, k2) — k1ko. Consequently,
we get a map ¢ : K1 ®p Ko — K1 Ko which maps on simple tensors as k1 ® ko — k1ko. As
K1 ®F K> is a field, it suffices to show that ¢ is a surjection. Indeed, it suffices to show that
Ky, K CIm(p). Indeed, as ¢(k; ® 1) = k; and (1 ® ka) = ko, therefore Im (¢) O K; Ko,
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thus Im (¢) = K7 K>3, as required.

(2. = 1.) Consider the above map ¢ : K1 ®@p Ko — K; K3 which we showed to be surjective.
Considering ¢ as an F-linear map, we see that dimp K1 ® p Ko = dimp K; - dimp Ko =
[K1: F|-[Ky: F] =K1Ky : F] =dimp K1 K. It follows that ¢ is an isomorphism, thus
showing that K1 ®p K> is a field as K1 K> is a field. O

Proof of Question 13.4, 3. We wish to find the splitting field of p(x) = 2* + 22+ 1 and
its degree. Indeed, observe that we can write

p(z) = (z+ 1)z —1)(z — ) (z +w)(z - w)(z+w).
Then the splitting field is Q(w) and its degree is 2. O

Proof of Question 13.4, 4. We wish to find splitting field of p(x) = 2°—4 and its degree.
Indeed, observe that we can write

p(z) = (z = 2%) (2 — w2!¥) (2 — w?21/%) (2 + 2'/%) (2 + w2!/%) (2 + w?21/3),

Then the splitting field is Q(w, 2'/3) and its degree 6 as [Q(w) : Q] = 2 and [Q(2'/3) : Q] = 3
have ged 1. O

Proof of Question 13.4, 5. Let K/F be a finite extension. Then the following are equiv-
alent:

1. K/F is a splitting field.

2. For every irreducible polynomial g(x) € F[z] which has a root in K, g(z) has all roots

in K.

(1. = 2.) Pick any irreducible g(x) € F|[x] such that it has a root a € K. Let 8 be another
root of g(z) in the algebraic closure. We wish to show that 5 is in K. Observe that since
is a root of g(z), therefore we can lift id : F' — F' to an isomorphism F(a) — F(S) which
fits in the following diagram:

F(a) — = F(6)

] ]

F—>id F

Observe that ¢ (f(z)) = f(z). Now, we can further lift ) to an isomorphism of the splitting
fields of f(z) over F(a) and F(3) as

R

Ll—)LQ

J J

~

Fla) —— F(B)
where L is the splitting field of f(x) over F(«) and Lo is the splitting field of f(z) over
().
We now claim that L; = K(«). Indeed, as L; contains all roots of f(x), therefore
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L; O K and thus L; O K(«). Conversely, L; C K(«) as K(«) contains all roots of f(x)
over F(a), therefore Ly C K(«). Hence L1 = K («). Similarly, we get that Ly = K ().

As o € K, it follows that K(a) = K. Hence 0 : K = K(f3). As both K and K () are
both 1-dimensional K-vector spaces, therefore g € K, as required.

(2. = 1.) We construct a polynomial f(z) € F[z] such that K is the splitting field of
F. Indeed, as K/F are finite, therefore K = F(ay,..., ;) is a finitely generated algebraic

extension over F. Let pi,...,p, € F[z| be minimal polynomials of aq, ..., a;, respectively.
Define

We claim that K is the splitting field of f(z) over F. Indeed, let L/F be the splitting field
of f(z) over F. As each p;(z) € F|x] is irreducible and has a root in K, namely «;, it follows
by our hypothesis that p;(x) splits into linear factors over K, for each i = 1,...,n. Thus,
f(x) is split into linear factors over K and thus L C K. For the converse, as L contains
a; as «; is a root of p;(x), and also contains F', thus L contains K = F(aq,...,a,). Thus
L = K, as required. This completes the proof. O

6 Week 6 : Irreducible & separable polynomials, perfect
fields

Proof of Question 9.4, 16. Let f(x) = apz™ + -+ + a1z + ag € F[x] be a polynomial
and consider the reverse polynomial fi(x) := 2" f(1/x). We first wish to find coefficients of
fi in terms of coefficients of f. Observe that

fi(w) = 2" f(1/x)

(g L 1
=z \ap— +--+tar— +ap
A xr

=ap+ap_17+ -+ a1zt + apz™.
Thus, if ¢ (f1) denotes the coefficient of 2 in fi(z) for 0 < k < n, then we have
ck(fi) = an—g

for each 0 < k£ <n.

We next wish to show that f(x) is irreducible if and only if fi(z) is irreducible. Indeed,
first observe that fiil(z) = f(z), so we need only show that f(z) is irreducible implies fi(x)
is irreducible. To this end, suppose fi(x) is not irreducible so that we have

fi(z) = g(x)h(x)
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where g,h € F[z] and 1 < degg(z),degh(zx) < n with degg(z) = m; and degh(x) = mq
clearly with mq 4+ mo = n. Now,

f(@) = fu(z) = 2"g(1/x)h(1/z)
= 2™ M2 g(1/2)2™ h(1/x)
=az"™g(1/x)z™h(1/x)
= gi(z)h(x)
where 1 < deggi(x),deghi(z) < n. Hence, this shows that f(x) is not irreducible, a
contradiction. O

Proof of Question 13.5, 2. We wish to first find all irreducible polynomials of degrees
1, 2 and 4 over Fs.

1. For degree 1, we have the following two irreducibles : x,x + 1.

2. For degree 2, we first find degree 2 reducibles by multiplying all degree 1 irreducibles:
z(x+1) = 22 + z,2%, (x + 1)2 = 22 + 1. Thus, any polynomial in Fo of degree 2
which is not one of the above has to be irreducible. As there are only four degree 2
polynomials, it follows that there is only one degree 2 irreducible polynomial, namely
2+ 4+ 1

3. For degree 4, we again first find all degree 4 reducibles. Indeed if p(xz) € Falx]
is a degree 4 reducible, then p(z) = f(z)g(x) for f(z),g(x) € Fa[z] with 1 <
deg f(z),degg(z) < 3 and deg f(x) + degg(x) = 4. Let us state all the eight de-
gree 3 polynomials as well here: 23,23 +1, 23 +z, 23 + 22, 23 + o+ 1,28 + 22 + 1,23 +
22 + 2,23 + 22 + x + 1. Thus, we have the following cases for degrees of f and g:

(a) If deg f(xz) = degg(z) = 2. In this case, the degree 4 reducibles we get by
multiplying two degree 2 polynomials are: z*+xz2, z?+23, 2t + a3+ 22 +x, 24, 2+
1.

(b) If deg f(x) = 1 and degg(z) = 3. In this case, p(z) is obtained by multiplying
a degree 3 polynomial with either = or = + 1. Thus we get following degree 4
reducibles corresponding to this case which are not already in item (a): z* +
ottt bl et et a4 Lt et e+ 1 2t +
3+ SU2, zt 4 .

Using these two cases, we get total twelve reducible degree 4 polynomials. Conse-
quently, the rest four are going to be the only degree 4 irreducible polynomials and
they are:

o 2t 41

o zt4a?+1

o + 3 +1

o 4+ +1.
This completes the proof.

O

Proof of Question 13.2, 5. Pick any prime p and any non-zero element a € F,. We
wish to show that f(z) = 2P — x + a € Fp[z] is irreducible and separable over F,,.
We first immediately see that f(z) is separable as f'(z) = —1, so has no roots and
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thus f(z) and f’(x) have no roots in common. It follows that f(z) has p distinct roots in
F,. We now show irreducibility of f(z). Our main idea is to show that f(z) is a minimal
polynomial of some element in the algebraic closure, namely a root of f(z).

Let K/F, be the splitting field of f(z). As K = Fy(au,...,qp), where o; € F, are roots
of f(x). Observe that if v is a root of f(z), then soisa+1as (a+1)? — (a+1)+a =
aP+1—a—14a =d?+1—a—1+4a =1—1 = 0. Hence, denoting o = a1, we see that all roots
of f(z) are S ={a,a+1,...,a+ (p—1)}. Consequently, K =F,(a1,...,qp) =Fp(a).

Now, the splitting field F,(«)/F), is a finite extension where the minimal polynomial
Mmar,(z) € Fplz] divides f(x). We claim that degmar,(v) = deg f(x). This will imply
that f(z) = mqr,(z) and since the latter is irreducible, therefore so is f(z) and we would
be done. To see that degmqr,(x) = deg f(x), let us assume to the contrary that mq,(z)
has degree atleast 1 lower than that of f(z). Thus mqr, doesn’t have every element in
S as its zero. Consequently, the sum of roots of mqr,(x) would become ko + r where
1<k<p-1andrelF, Assum of roots is a coefficient of mq,, therefore ka + r € F).
It follows that ka € I, but k is invertible in [F),, so a € [F),, a contradiction. This completes
the proof. O

Proof of Question 13.5, 11. Let K/F be a field extension such that F' is perfect and
f(z) € F[z] has no repeated irreducible factors in F[z]. We wish to show that f(x) has no
repeated irreducible factors in K[x].

Let f(z) = p1(z)...pr(x) for p;(z) € F|x] irreducible. As F' is perfect, therefore p;(z)
are further separable. Consequently, write p;(x) = ¢1(z) ... qi,(z) where ¢;; € K|[z] are
irreducible for each 1 < i < k. Thus we obtain a decomposition of p(x) into product of
irreducibles g;;(x) over K. We claim that none of ¢;;(z) repeat. Suppose they do, then we
have two cases.

1. Suppose g;j(z) = gy (x) for j # j'. It follows that p;(x) has a repeated irreducible
factor in K[x]. To get a contradiction it would suffice to show that a separable
polynomial p(x) € F[x] remains separable in K[z]. This is what we prove now.
Indeed, suppose p(z) is inseparable over K. Thus, there exists a € K which is a
repeated root of p(z) where K is an algebraic closure of K containing F. Thus,
a € F C K. Tt follows that p(x) has a repeated root in F, which is a contradiction to
the separability of p(z) over F.

2. Suppose ¢;j(x) = qij(x) for i # k. We thus have that p;(x) and p;(z) share a common
factor in K[z] for some i # j, thus a common root « in an algebraic closure K of K
which contains F. Hence, mq p(x) € F[z] divides both p;(z) and p;j(x). Since p;(x)
and p;(z) are irreducible, therefore p;(x) = mq r(x) = pj(x), a contradiction to the
assumption that p;(x) and p;(x) are distinct.

This shows that all g;;(x) are distinct irreducible over K. By unique factorization of Klx],
we conclude the proof. O

Proof of Question 14.1, 4. We wish to show that Q(v/2) and Q(v/3) are not isomorphic
fields. Indeed, suppose ¢ : Q(v/2) — Q(v/3) is a field isomorphism. Since

n=np(1) = p(n) = o (= -m) =mp ().
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thus ¢p(n/m) =n/m for all n/m € Q. It follows that ¢ is Q-linear. Now, we see that

Thus, ¢(1v/2) is an element in Q(1/3) whose square is 2. We show that there is no element in
Q(+/3) whose square is 2. Indeed, if a+bv/3 € Q(v/3) for a,b € Q such that (a+bv/3)? = 2,
thus

(a +bV3)* = a® + 3b% 4 2abV3 = 2.
Hence,

a’+3b% =2
2ab = 0.

It thus follows that either a or b is 0, so we may assume (WLOG) that a = 0. Hence 3b* = 2,
thus b2 = 2/3 and b = iig, a contradiction to the fact that a,b € Q. O

Proof of Question 14.1, 6. a) Let k be a field and f : k[t| — k[t] be defined by ¢ — at+b
for fixed a,b € k with a # 0. We wish to show that f is an automorphism of k[t].

Indeed, consider the map g : k[t] — k[t] defined by ¢ — (¢ —b). This is a homo-
morphism. We wish to show that this is the inverse of f. Indeed, we see that f o g(t) =
flg(t)) = f(2(t—=b)) =a-1(t—b)+b=1t=1id(t). For the other side, go f(t) = g(at +b) =
1(at +b) —b=1t=1d(t). Thus f is an isomorphism. Moreover, f(c) = c for all ¢ € k, thus
f is a k-algebra isomorphism.

b) Let ¢ : k[t] — k[t] be a k-algebra isomorphism. We wish to show that ¢(t) = at + b for
some a,b € k and a # 0.

Indeed, let p(t) = ant™ + -+ + a1t + ag, a; € k. Suppose chark = p. Fix m > 1 in Z
such such that m # p and choose any m > 1 if chark =0. Asm =14--- 41 m-times in k
and p(mt) = mep(t) since ¢ is k-linear, therefore we deduce that

apmt™ + -+ aymt + agm = a,m"t" + -+ + aymt + ap.
Now, if a; # 0 for some ¢ > 2, then we would have
a;m = a;m’

in k, from which it follows that a; = a;m'~" and since i — 1 > 1, it follows that

a contradiction as m > 1 in Z. O

Proof of Question 14.1, 7. We wish to show that Aut (()R/Q) is a singleton. We will
do this by showing that any o € Aut (()R/Q) necessarily fixes Q and is continuous. We will
then show that any continuous function R — R which is id on Q is itself id.
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First let us see that any o € Aut (()R/Q) fixes Q. Indeed, we need only observe the
following for any m,n € Z.

which thus shows that o(n/m) =n/m.

Next, we show that o is continuous. To this end, we first show that ¢ is order preserving.
Indeed, if a > 0 in R, then a = ¢? for some ¢ > 0. As o(a) = o(c)? > 0 where o(c) # 0 as o
is an isomorphism, therefore o takes positive real number to positive reals. Consequently,
if a —b> 0, then o(a —b) > 0 and thus o(a) > o(b), as required.

To conclude that ¢ is continuous, we wish to show that for all every zg € R and for all
€ > 0, there exists 0 > 0 such that |x —x¢| < § = |o(x) —o(z0)| < €. Indeed, we see
that for any m € Z such that 0 < % < €, we have that if

o(x) —o(xg) =0(x —x9) < —

(@) = ola0) = 0@ —20) < -

for some x € R, then applying o ! yields z—x¢ < % as 0! is also Q-linear. This conclusion
can be reversed and we thus see that,

1 1
o(x) —o(xg) < — <= v —29 < —.
m m

This shows that we may take § to be 1/m. Hence, o is continuous.

Finally to complete the proof, we see that ¢ is id on Q and is continuous. Pick any
irrational 7 € R and let ¢, — r be a sequence of rationals converging to r. Using continuity
of o and id on Q, we conclude that o(g,) = g, — o(r). As R is Hausdorff, so limits are
unique. We conclude that o(r) = r. This completes the proof. O

7 Week 7 : Direct computations of Galois groups, norm and
trace, cyclotomic & Kronecker-Weber

Proof of Question 13.6, 3. Let F be a field and n € N be odd. Let F contain all n'h-
roots of unity, j,. We wish to show that F' contains 2n*"-roots of unity as well.

Indeed, let ¢ € F be a primitive n''-root of unity. Note that —1 ¢ p, as (—1)" # 1
as n is odd. Consequently, we claim that —¢, is a primitive 2n*™-root of unity. Indeed, we
see that —(, is a 2n*-root of unity as (—¢)®* = (—1)** - (%" = ((")? = 1. Thus —( € uan.
Furthermore, —( is a primitive root of unity as if the order of —( is k|2n in pay,, then either
k = 21 for some I|n or k|n. If the former, then (—¢)* = 1, from which it follows that ¢? = 1.
Thus 2l|n as ¢ is an element of order n in 9, which is a contradiction as n is odd, so no
even number can divide it.

If the latter, then k|n. Thus, (—¢)* = 1 from which it follows that ¢* = (—1)*. Clearly,
k # n as otherwise (" = (—1)" # 1, a contradiction to the fact that ¢ € p,. Thus, k < n.
As n is odd, therefore k is odd. Consequently we have that ¢¥ = —1 for some kln, k <n. It
follows that p,, contains —1. This is a contradiction as —1 is not an n'"-root of unity since
n is odd.

Hence, we have shown that —¢ € F is a primitive 2n*™-root of unity in F, as required. [
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Proof of Question 13.6, 9. a) Let A € M,(C) be an n x n matrix such that A* = I for
some k > 1, that is, A is nilpotent. We first wish to show that A is diagonalizable.

By general theory of linear algebra, we need only show that the minimal polynomial of
A is split into distinct linear factors over C in order to conclude that A is diagonalizable.
Let m(z) € C[z] be the minimal polynomial of A. Then, m(z)[z* — 1 as A¥ — I = 0. As
C is algebraically closed, it follows that m(z) has all roots which are k*-roots of unity in
C. As all k'"-roots of unity are distinct, thus, m(z) is split into distinct linear factors, as
required.

b) Consider the matrix

1=y ]

for a € F, and a # 0 where p € Z is a prime. We first wish to show that AP = I. Indeed,
observe that

ar= |t ™.

0 1

As charlF,, = p, therefore AP = 1.

We next wish to show that A cannot be diagonalized. Indeed, we need only show that
the minimal polynomial p(x) € Fplx] of A is not split into distinct roots over Fp[z]. Observe
that p(z)|(z — 1)? as (A — I)? = 0. Consequently, p(z) =z — 1 or (z — 1)%. Since A # I,
therefore p(x) = (x — 1)2, thus p(z) is not split into distinct linear factors, as required. [

Proof of Question 14.2, 6. Let K = Q(2'/8,1), F1 = Q(i), F» = Q(2'/?) and F3 =
Q(i2"?). We wish to show the following three computations:

1. Gal (K/Fy) =2 Z/8Z.

2. Gal (K/FQ) = Dg.

3. Gal (K/Fg) = Qg.
Before beginning, we show that all three extensions are Galois. Indeed, observe that

L. mgys g (#) = 2% — 2 and m; , (x) = & — 4,

2. moyiys g () = x* —2Y2 and m; g, (x) = 22 + 1,

3. mays g (x) = 2° — 2 and m; g, (v) = 2% + 1.
All three are separable (as seen by taking derivatives) and is split into linear factors in K.
Thus they are all Galois. Note that each K/F; has degree 8, thus, each has Galois group of
size 8. Further observe that the polynomial 28 — 2 splits over K as

2% =2 = (z — Vi2®)(z + Vi2V®¥) (& — i2V®%) (& + i2V¥) (@ — 2Y/8) (@ + 2V/8) (& — i*/22V/8) (x + i3/22V/8).

1. Consider the Fy-automotphism of K which on 2'/3 obtained by extending id : F} — F}
to K — K mapping

o1 2Y/8 s \i2V/8,
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This is because 21/8 and v/i2/8 are Fj-conjugates. Then we see that

o2 1 218 s 218

o3 9l/8 _y ;3/291/8

ot 2l/8 1 _ol/8

o5 . 9l/8 .y _;1/291/8

o0 21/8 1y _jol/8

o7 - 9l/8 Ly _;3/291/8

o8 21/8 sy 21/8,
Thus, we get that o € Gal (K/Fy) is an element of order 8, thus Gal (K/F) is a cyclic
group isomorphic to Z/8Z.

2. We first show that there exists o, 7 € Gal (K/F») of order 4 and 2 respectively. Indeed,
any k € Gal (K/F,) is completely determined by its values on 21/8 and 4. Furthermore, any
such & has to map 2'/® and i to its Fy-conjugates. Thus, consider the following maps

o 28— i2!/8
11
and
7218 5 9l/8
1 — —i.

Observe that 0,7 € Gal (K/F,) since o : K — K is a Q-automorphism such that o(2'/2) =
o(21/8)* = (i21/8)* = 21/2, Thus, o is also a Q(2'/?)-automorphism. Similarly, 7 : K — K
is a Q-automorphism and since 7(21/2) = 7(21/8)4 = (21/8)* = 21/2 therefore 7 is a Q(21/2)-
automorphism of K.

Now, observe that o,7 € Gal (K/F,) are order 4 and 2 elements respectively. It now
suffices to show that 707~ = ¢~!. Indeed, we need to check the equality only for elements
21/8 and i. To this end, we have

7'07'_1(21/8) = 70(21/8) = T(i21/8) = —i2!/8
and
071(21/8) = 071(—1'221/8) = 071(_1')‘771(1'21/8) = —i2!/%,

as required. Similarly,
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This completes the proof that Gal (K/F3y) = Ds.

3. To show that Gal (K/F3) = Qg, we have to find four elements e, a, 8,7 € Gal (K/F3)
such that a? = 2 = 42 = a8y = e and €? = id. Note that any x € Gal (K/F3) is
determined by its value on 2V/8 and i. We thus consider the following maps:
e:2l/8 o ol/8

)
1 21/8 s i2l/8

)
. 21/8 N Z~3/221/8

Q

=

1= —1
7:21/8 — Vi2l/8
1 —1i.

It is immediate that e? = id. Further, one checks immediately that a? = 2 = 72 = e and
afvy = e. Thus, we need only show that each one of the above is a Q(i21/ 2)-automorphism,
that is, we wish to show that they take i21/2 to i21/2. Indeed, for any automorphism
k: K — K, we have

k(i2'/%) = k(i) - k(251
Using this, one immediately sees that each e, «, 5,7 fixes 242 as needed. ]

Proof of Question 14.2, 12. We wish to find the Galois group of polynomial f(z) =
2t — 142% + 9 € Q[z] over Q.

We claim that the Galois group of f(z) is isomorphic to Vjy, the Klein 4-group. Let K
be the splitting field of f(z) over Q. We wish to find the Galois group of K/Q. To this end,

we first need to find K. Indeed, we first see that over Q, we can write (let a = /7 + 2v/10

and 8 = /7 — 2y/10)
2t =142+ 9= (z — a)(z + a)(z — B)(z + B).
Moreover, observe that 8 =9 - a~!. Thus, we claim that
K =Q(«).

Indeed, as Q(«) by above has both « and 3, therefore Q(«r) 2O K. To show equality, it
suffices to show that [Q(«) : K] = 1. Indeed, we have

Note that f(z) € Q[z] is irreducible as is clear from its splitting in K above. Thus,
f(x) = mgao(x). It follows that

4 =deg f(z) = [Q(e) : Q.
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We further claim that [K : Q] > 4. Indeed, as f(z) is separable since it has no common
root with its degree and K is splitting field of f(x), it follows that K/Q is Galois and
thus finite normal in particular. Consequently, Gal (K/Q) has same size [K : Q] and has
to act transitively on the roots of f(x) in K. But there are four roots of f(z) in K and
thus there are atleast four elements in Gal (K/Q) and thus [K : Q] > 4. This proves that
[Q(«) : K] =1, as required.

Having found the splitting field K as Q(«) which is a degree 4 extension of Q, we now
need only find its Galois group. As |Gal (K/Q)| = [K : Q] = 4, therefore Gal (K/Q) is
a group of order 4. We now consider following maps K — K, which we prescribe to be
identity on Q and thus define only on «:

oc:a—f
T:a— —f.

Observe that o2(a) = 0(8) = 0(9a™?t) = 9o(a)™! = 9(B)™t = 9(9a1)~! = a. Similarly,
72(a) = a. Hence, ¢ and 7 are automorphisms of K = Q(«) and both are order 2 elements
in Aut (()K). Since both ¢ and 7 fix Q, thus 0,7 € Gal (K/Q) are order 2 elements. Now
consider o7 € Gal (K/Q). We can see that (07)?(a) = a, thus showing that (o7)? = id.
Hence, we have shown that Gal (K/Q) has two elements o, 7 such that 02 = 72 = (07)? = id.
This shows that

Gal (K/Q) = V4,
where V} is the Klein 4-group. O

Proof of Question 14.2, 31. Let K/F be a finite extension of degree n and a € K. We
wish to show the following three items:
1. Element « acting by left multiplication on K is an F-linear transformation, which we
denote by T, : K — K.
2. The minimal polynomial of element o € K, denoted m, p(x) is same as the minimal
polynomial of the F-linear map 7, : K — K, denoted p(x) € F[x].
3. The norm Ng/p(a) and trace Trg p(a) are respectively the determinanat and trace
of the F-linear map T,.
1. Indeed, T, : K — K is given by x — ax which F-linear as T, (z + cy) = a(z + cy) =
az + cay = Ty (x) + To(y) where ¢ € F.

2. As mq, () is irreducible, we need only show that p(z)|mq r(x). Note that mq p(To) =0
since for any z € K, we have

Ma,r(To)(2) = mq,r(a)z = 0.
Hence p(x)|ma,r(z), as required.

3. Let mar(r) = 2% + ag_12971 + -+ + a1z + ap in Flz] and [K : F] = n. By item
2, the minimal polynomial p(x) of Ty, is also mq p(x). Determinant of Ty, is the product of
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all eigenvalues (with repetitions) and trace of T}, is the sum of all eigenvalues. By Questions
17 and 18 of Section 14.2 of DF, it follows that

Nie/p(e) = (=1)"ap’*

and

—nNn
Trg/p(a) = 7 0d-1-

As K/F is separable, therefore we may write p(x) = mq p(x) = (€ —A1)----- (x — Agq) where
\; are distinct eigenvalues of Ty, or equivalently, F-conjugates of . It is now sufficient to
show that each eigenvalue \; has algebraic multiplicity n/d.

Let ®(x) € F[z] be the characteristic polynomial of T},. Since p(x) and ®(z) have same
irreducible factors and p(z) is irreducible, it follows that ®(z) = p(x)* for some k > 1.
As ®(x) has degree n and p(x) has degree d, therefore we conclude that k& = n/d, as
required. O

Proof of Question 14.3, 8. We wish to find the splitting field of f(z) = 2P —z — a over
F, where a # 0 in IF,, and then the Galois group of it.

In Question 13.2, 5, we showed that f(z) is irreducible in F,[z]. Let a € F, be a root
of f(x). Then, we see that

fla+l)=(a+1)—-(a+1)—a=a’+1—-a—-1—-—a=0.

Consequently, if « is a root of f(z), then o+ 1 is a root of f(z). It follows that in F,, we
have the following roots:

a,a+1,...,a+ (p—1).

Thus we have found p distinct roots of f(z) in F, and all are of the form as above. This
shows that F),(a) /IF,, is the splitting field of f(z) over F,. As f(x) is a separable polynomial,
thus Fp(«)/F, is a Galois extension.

Next, we wish to find the Galois group Gal (F,(a)/F,). Indeed, we first claim that
|Gal (Fp () /Fp)| > p. As [Fp(a) : Fp] < p since a is a root of f(z) where deg f(z) = p,
therefore it would follow that |Gal (Fp(«)/F,)| = p, thus showing that it is cyclic.

We thus reduce to showing that |Gal (F,(a)/Fp)| > p. Indeed, we can extend id : F), —
F, to o : Fp(a) = Fp(a+1) mapping o — a+1 as minimal polynomial of ais f(z) and a+1
is also a root of f(x). Thus o € Gal (F,()/F,). Now consider o* : F,(a) — F,(a + k) for
each 1 <k < p—1. We see that each o € Gal (F,(a)/F,). This shows that Gal (F,(a)/Fp)

has atleast p-elements, as required. O

Proof of Question 14.4, 1. We wish to find the Galois closure of Q(1/1 +v/2)/Q. To
this end, we first have to show that Q(1/1+ 1/2)/Q is a finite separable extension. Indeed

this is finite as it is simple and o := /1 + /2 is algebraic over Q. Furthermore, consider
the polynomial

f(z) =2 — 222 — 1 € Q[].
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Observe that f(a) = 0 and over C, we may factor it as (let 3 = /v/2 — 1 and observe
a-f=1):

f(x) = (z = a)(z + a)(z = if)(z +if).

It follows that mq,q(x)|f(x). Moreover, f(x) is irreducible in Q[z] since the factorization
in C shows that it cannot have any degree 2 factor. Since f(z) is separable as f’(z) has
no common roots with f(z), we deduce that mq,g(x) is separable as well, showing that
Q(«)/Q is finite separable, as required. Thus there is a Galois closure, say F/Q of Q(«)/Q.
Note that E # Q(«) as Q(a)/Q is not Galois as it doesn’t have all conjugates of «.

We now claim that Q(¢,a)/Q is the Galois closure of Q(«)/Q. Indeed, we first show
that Q(i,«)/Q is a Galois extension. As m;g(z) = 2% + 1 and mqg(z) = f(x). As both
2?2 + 1 and f(x) are separable and have all roots in Q(i,«), it follows that Q(i,a)/Q is
Galois.

By minimality of F, it follows that £ C Q(i,«). We claim that £ = Q(¢, ). Indeed,
by tower law, we have

Since [Q(a) : Q] =4 and [E : Q(«)] > 2 since E # Q(«), thus, [F : Q] > 8. Furthermore,

we have
[Q@, ) : Q] = [Q(4, @) : Q)] - [Q(ev) : QJ.

Since [Q(i, ) : Q(a)] = 2 as m; g(q)(x) = 2* + 1, therefore we get that [Q(i,e) : Q] = 8.
As E C Q(i, ), the fact that [Q(i, ) : Q] = 8 and [E : Q] > 8 implies that £ = Q(i, @), as
required. O

Proof of Question 14.5, 5. Let €1,...,€¢,—1 be primitive p™-roots of unit. Denote for
any n € N the following quantity:

pnze?_i_..._i_eg_l_
Note that €; € Q(e;) where Q(e;) is a cyclotomic extension. We wish to show that
-1 ifp fn
Pn = . /{/
p—1 if pn.

Indeed, if p|n, then €' =1 for all 4, so this case is immediate. So now suppose that p does
not divide n. As the following map

¢ (Z/pZ)" — Gal(Q(e1)/Q)
a+— €1 — €]

is an isomorphism and that if n’ =n mod p with 2 < n’ < p—1, then ! = €', we get that

/

!
pn=c¢€ + - te
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Moreover, (7)(€;) = € for each 1 <4 < p — 1. Tt follows that

pn = p(n)(€1+ -+ €p-1)
= p(n)(p1)-

As p; = —1 since p; is the sum of roots of ®,(x) = 2P~ + P2 + ... + 2 + 1, so we get by
above that

as required. ]

Proof of Question 14.5, 10. We wish to show that Q(21/3) is not a subfield of any
cyclotomic extension.

By Kronecker-Weber, Q(21/ 3) is a subfield of some cyclotomic extension if and only if
Q(2'/3)/Q is a finite abelian extension. It is clearly finite, we claim that it is not abelian.
To this end, it is sufficient to show that Q(2/%)/Q is not Galois. Indeed, it is separable
since Mmy1/s () = 2% — 2 is separable. But Q(2'/%)/Q is not normal as z° — 2 does not have
all roots in (@(21/3); roots of 23 — 2 are 21/3 w2!/3 w221/3. Thus Q(21/3)/Q is not Galois
and thus is not abelian in particular. O

8 Week 8 : Discriminants & Galois groups, polynomial with
S, Galois group

Proof of Question 14.6, 3. Let a,b € Fyn» = F. We wish to show that if the polynomial
f(z) = 2% + az + b is irreducible, then D = —4a? — 27b? is square in Fn.

Indeed, as finite fields are perfect, therefore f(z) is separable. Let K/F be the splitting
field of f(z). Note that D is just the discriminant of f(x). We wish to show discriminant
is a square. It is equivalent to showing that Gal (K/F') is a subgroup of As. Let a € K be
a root of f(z). Then [K : F] = [K : F(«o)][F(«) : F] where F(«)/F is a degee 3 extension.
It follows that [K : F] is a multiple of 3. Now Gal (K/F) — S3 and |S3| = 6, therefore
Gal (K/F) = As or Ss.

Let a, 3,7 € K be the three distinct roots so that K = F(«,,7). We claim that
K = F(a). Now, K = F(«a) as F(«)/F is a finite extension of a finite field, and thus
Galois. Consequently, F'(«) has all other roots 3, by normality. Thus the splitting field
K is equal to F(«), as required.

It follows that [K : F] = 3, thus |Gal (K/F)| = 3. Thus, Gal (K/F) = A3, as required.

]

Proof of Question 14.6, 7. We wish to determine the Galois group of f(x) = 2* 4222+
x + 3 over Q. We first observe that f(x) is irreducible. Indeed, going mod 2, we get the
polynomial f(z) = z* + 2 + 1. We claim that this is irreducible so by mod p-test we will
be done. Indeed, suppose that f(z) is reducible. Then as f(x) has no zeroes in Fa, it
implies that f(z) has no linear factors. It follows that f(z) only has quadratic factors. One
easily checks that the only quadratic polynomial with no linear factors is 2> + = + 1. But
(22 +2+1)2 =2*+ 22 +1# f(z). Thus, f(z) is irreducible, as required. This shows that
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f(x) is irreducible over Q.

Now observe that as f(z) is irreducible and Q is characteristic 0 (i.e. perfect), therefore
f(z) is separable. It follows that Gal (K/Q) is a doubly transitive subgroup of Ss, where
we are assuming that

Qal (K/Q) < Sy

by permuting the four distinct roots of f(x). Now, the only doubly transitive subgroup of
Sy is Ay and Sy. It follows that Gal (K/F') can either be A4 or S4. To this end, it suffices
to check whether Gal (K/F) is a subgroup of A4 or not. It is equivalent to checking that
whether the discriminat D of f(x) is a square or not. Since discriminant of f(x) is same
as the discriminant of the resolvent cubic h(x) = 3 — 422 — 8z + 1, which on calculation
yields 3877, which is not a square. Hence we deduce that Gal (K/F) is not a subgroup of
Ay, hence it is Sy. O

Proof of Question 14.6, 12. Let F/Q be an extension of degree 4. We wish to show
that the following are equivalent:

1. F = Q(a) where a is a root of an irreducible f(z) = z* 4+ ax? + b € Q[z].

2. There is an intermediate quadratic extension as in F//Q(1/c)/Q where /c is an element

whose square is in Q.

(1. = 2.) Let g(y) = y*> + ay + b. Observe that g(z?) = f(z). We first claim that g(y) is
irreducible. If not, then g(y) = h(y)k(y). where h(y),k(y) € Q[z] are linear non-constant
polynomials. Then, f(z) = g(z?) = h(z?)k(2?), where h(2?),k(2?) are quadratic non-
constant polynomials. This gives a contradiction to the irreducibility of f(z). This show
that g(y) is irreducible.

Roots of g(y) are given by

—a+ Va2 —4b

Y= 9

where a? — 4b is not a square as g(y) is irreducible. Now roots of f(x) in C are given by

\/—ai\/a2—4b
r == B S

Let a be one of the above four roots. It follows that v/a? — 4b € F. Thus,
Q(va?—4b) C F,
where Q(va? — 4b)/Q is a quadratic extension, as required.

(2. = 1.) Observe that by tower law we have that F'/Q(y/c) is a degree 2 extension. Thus,
F = Q(y/¢)(\V/d), for some d € Q(y/c). Note m so(r) = 2% —c and MG o(/e = 22 —d. Let

d = a+Dbyec, a,b € Q. Tt follows that vd = \/a + by/c. Thus, F = Q(\/a + by/c). Consider

the polynomial f(z) = (22 — a)? — b%c. Observe that this is in Q[z]. Moreover, its zeroes
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are ++/a + by/c, that is, one of its roots is v/d. We need only show that f(z) is irreducible.
We may first write

f(x)z(x—W) (IL’—FW) (x—\/a——b\/E> (:):—i-m)

Indeed, if f(z) is not irreducible, then either it has two quadratic factors or has a linear
factor. Clearly, latter cannot happen as all roots of f(x) are distinct and not rational.
Furthermore, if it has two quadratic factors, then by above factorization one can see that
no pairing of roots will lead to a quadratic whose coefficients are in Q. This completes the
proof. O

Proof of Question 14.7, 7. Let F be a characteristic p > 0 field and (,, € F where (, is
a primitive n'*-root of unity where ged(n,p) = 1. Let K/F be a cyclic extension of degree
d, where d|n. By Kummer’s theorem, we will have K = F(a'/") for some a € F. Let
o € Gal (K/F) be a generator. We wish to show the following three items:

1. o(a'/™) = ¢4a/™ for some primitive d*-root of unity.

2. Let K = F(a'/") = F(b"/™). We wish to show that element

with ged(k,d) =1, is in F.
3. The following are equivalent:
(a) K = F(a'/™) = F(b'/™).
(b) There exists c,d € F such that a = b¥c" and b = a'd".
1. First note that since pug < py, it follows that ug C F*. Now recall from the proof of
Kummer’s theorem that we constructed an injective group homomorphism ¢ : Gal (K/F') <

al/n

07"

for some k € Z

. . . . 1/n ko n 3
tn, whose image is jg. This was given by (o) = Ugll T ) = C”al‘ﬁ/ = (ko As o is the gen-
erator and group isomorphisms map generators to generators, therefore p(o) = ﬁf’ is a

generator of pig, that is, (¥ is a primitive d*P-root, as required.

2. Recall that map ¢ : Gal(K/F) < u, with image pg which we used in item 1. By
fundamental theorem, it suffices to show that

al/n B al/n
T\ ohin | T phin

We first find the required k. We first claim that

O,al/n o 1/n k
o (w0 0

al/n bl/n

for some ged(k,n) = 1. Indeed, the map ¢ takes o to ‘7(;171/:) in pg. As o is a generator of

Gal (K/F), therefore p(0) = @) s the generator of jig. Similarly, writing K = F(b!/™),

al/n
1/ny . . . .
we get (o) = Ug’l o ) is a generator in pg. As ug is cyclic of order d, therefore there exists

k € Z with ged(k,d) = 1 such that Eqn. (1) holds.
Having found the required k, we observe that

al/n B J(al/n) B al/n
g bk/n - O-(bk/n) - pk/n’
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as required.

3. ((a) = (b)) By item 2, we deduced that a'/™ = b*/"c, ¢ € F. Raising n'*-power,
we get the result. Replacing a by b, we get the desired result for b as well.

((b) = (a)) As a'/™ = bF/¢, therefore F(a'/™) C F(bY/™). As b'/" = a!/"d, therefore
F(b'/™) C F(a'/™), as required.

This completes the proof. O

Proof of Question 14.7, 12. Let Q(«)/Q be a finite extension. This is separable as well
since mq g(x) is irreducible in a characteristic 0 field. Let L/Q be the Galois closure of
Q(a)/Q. It follows that L is the splitting field of mq g(x). Let G = Gal (L/Q). Suppose
p € Z is a prime such that p||G|. We wish to show that there exists a subfield F' as in
L/F/Q such that L/F is a degree p-extension and L = F(«).

Indeed, by fundamental theorem and Cauchy’s theorem, we have a subgroup of order p
of G and thus an intermediate extension F'/Q with |Gal (L/F')| = p. We wish to show that
there exists a field F’/Q such that L/F’ is of degree p. Assuming to the contrary we get
that for all intermediate fields L/F' of degree p, L # F(«). As

p=I[L:F|=[L:F(a)]-[F(a):F|

and L # F(«), therefore a € F. Hence we have that for each L/F of degree p, o € F. Pick
any such F. Observe that if F' contains all conjugates of a then L = F', a contradiction. So
L =F(pi,...,Pr) where 8; € L are some conjugates of a. But since there is no intermediate
extension in L/F, it follows that k¥ = 1 and thus L = F(3) for some Q-conjugate 3 of . Let
o € Gal (L/Q) be such that o(a) = 8. Then 7 = 0! € Gal (L/Q) is such that o1(3) = a.
Now, 7(F') is also an intermediate extension such that L/7(F') is degree p as [F' : Q] =
[T(F) : Q]. It follows that o € 7(F'). Now observe that [7(L) : 7(F)] = p, where 7(L) = L.
But since 7(L) = 7(F(B)) = 7(F)(7(8)) = 7(F)(«) = L. Thus, 7(F)(«)/7(F) is a degree p
extension. By our hypothesis, o € 7(F), but then 7(F)(a) = 7(F'), a contradiction to the
fact that 7(F)(«)/7(F) is degree p. O

Proof of Question 14.7, 17. Let a € Q be non-zero rational and D € Z be a square-free
integer. We wish to show that K = Q( a\/ﬁ) cannot be a degree 4 cyclic extension over
Q.

Suppose K/Q is a cyclic extension of degree 4. Observe that Q(v/D)/Q is a degree 2
intermediate extension of K/Q. Now, by Question 14.6, 12, K = Q(«) where « is a root of
irreducible f(z) = 2% + b2? 4+ ¢ € Q[x]. As K/Q is Galois (as it is cyclic), therefore K has
all roots of f(z). Thus, K is the splitting field of f(z) and has all the four roots of f(z)
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listed below:

2

. —b— b2 — 4c
27 2

N B —b+ Vb2 — 4c
37 2

. —b— Vb2 — 4c
4:— .

2

Let us assume that o« = o, wlog. Moreover, as we have K = Q(«), therefore we may also
write K = Q(«y) for each ¢ = 1,...,4. Note that in a cyclic group of order 4, there is only
one element of order 2. We claim that Gal (K/Q) has two elements of order 2, thus yielding
us a contradiction.

Indeed, consider the following two maps in Gal (K/Q) where since K = Q(a), they are
determined by their values on any of the a; (we choose oy for below):

g0 = Qa3

T .01 = Q9.

Indeed, 0%(a1) = o(a3) = o(—a1) = —o(a1) = —(03) = a. We next show the same for 7.
Indeed, we first show that 7(v/b? — 4¢) = 0. Indeed, this follows by squaring both sides in
the equation 7(c;) = ag. Thus, we get

T(1(a1)) = 7(a).

Now, observe that

Thus, 7(a2)? = 7(a1)? = a2. Thus, we have

T(a2) = tas.

If 7(ag) = —ag = ay, then 72(a3) = T(—ag) = —(~a) = az. As K = Q(az) as well,
therefore 7 is determined by its value on ap. It follows that 72 = id. However, above
calculation shows that 72(a1) = —ag # a1, a contradiction. Hence 7(ag) # —as. Hence

T(a2) = ag, thus showing that 72(ay) = a1, that is, 72 = id.
We have thus exhibited two order 2 elements of Gal (K/F'), where Gal (K/F) is cyclic
of order 4, thus a contradiction. ]

Proof of Question 7. a) We wish to show that a subgroup H of S, containing a p-cycle
and a transposition is S,. We first show that H is a transitive subgroup. As we have seen
in class, a transitive subgroup of S, containing a transposition is .S}, therefore we will be
done.



Pick any k,1 € {1,...,p}. Assume [ > k. Then observe that (12 ... p)"~* is an element
of H which takes k to k + (I — k) = [, as required.

b)! Let p be a prime. Construct a polynomial f(z) € Z[z] of degree p such that if K/Q is
the splitting field of f(x), then K/Q is Galois and Gal (K/Q) = 5.

Clearly, we need f(z) to be irreducible, so that K/Q is Galois and Galois group being
transitive. Now, f(z) must have one pair of complex roots and p — 2 real roots so that
G = Gal (K/Q) atleast has a conjugation. Consider g(z) = (22 + 1) Hf;f(m — 1) which is
in Z[z] and has exactly two complex roots. Define for each k € N the following:

2’ +p
kp?

pe(z) = q(z) + € Q[z]

where p € Z is some prime. It can be checked that this is an Fisenstein polynomial for
prime p. Hence pi(z) is irreducible in Q[z].
Observe that the roots of ¢(z) are

Vig(x)) ={i,—i,1,2,...,p—3,p — 2}.

Let a € V(q(x)) be any zero. We wish to show that pi(x) for some k has exactly one root
in By/3(a) in C. To this end we apply Rouché’s theorem as follows. One can observe that
on the circle C5(a), we have for some large k the following:

pr(2) — (@) = | ———

Thus pi(z) for some k has exactly one root in Bj/s(a) in C. By taking maximum of ks
obtained by a € V(q(z)), we get that py(z) has one root in B 5(a) for each a € V(q(x)).
But since pg(x) only has real coefficients, so all complex roots must occur in pairs. If the
roots are purely complex, then we can derive a contradiction to uniqueness of roots in
Byja(a). Thus all roots in By /5(a) must be real, thus we get p — 2 real roots of pi(z). Now
since for a = 44, we have one roots in B /y(4i) each and since these balls don’t intersect
R nor each other, hence we have exactly two purely complex roots and they therefore must
be conjugates of each other.

Now Gal (K/Q) has a transposition and since p|Gal (K/Q), therefore it also has an order
p-element. As Gal (K/Q) < S, it follows that the only order p-element is a p-cycle. By
item 1, we thus deduce that py(x) has Galois group S,, as required. O

9 Week 9 : Constructible reals, pure inseparability, more on
norm & trace

Proof of Question 13.3, 2. Consider the Archimedes’ construction to trisect an angle
with a ruler and a compass (see Figure 1 below).

We wish to show that a = 6/3. Indeed, as OB = OC = 1, therefore triangle OBC' is
isosceles, that is § = ~. Similarly, since OB = AB, thus triangle ABO is isosceles, that is

!Solution primarily from Shubham Sharma.
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Figure 1: Archimedes’ construction for trisecting an angle.

a = £ZBOA. It follows that ZOBA = 7w —2«. Thus, 8+ 7 — 2a = 7, from which we deduce
that 8 = 2a = v. Hence ZBOC = 7 — 4a. As ZLBOA + ZBOC + 6 = 7, it follows that
o+ 7 —4a+ 60 =, that is 0 = 3« as required. O

Proof of Question 13.3, 4. We wish to show that o = cos(27/7) is not constructible by
straightedge and compass. Observe that « satisfies the polynomial f(z) = 23+ 22 — 22— 1.
We need only show that [Q(a) : Q] # 2" for some n € N. Consider mqg(x) € Q[z]. As
ma,q(z)|f(z), therefore degmq,g(z) = 2 or 3. It follows that [Q(a) : Q] = 2 or 3. We
claim that f(z) is irreducible over Q, this would show that mqq(z) = f(z) and hence
[Q(«) : Q] = 3. This will complete the proof.

Indeed, going modulo 2, we get that f(z) = 23 4+ 22 — 1. As it is a cubic, to check that
it is irreducible it suffices to show whether f(z) has roots in Fo or not. We immediately see
that f(0) = 1 = f(1). It follows that f(z) has no roots, thus, f(z) is irreducible in Fa[z]
and thus is irreducible in Q|z], as required. O

Proof of Question 3. Let b € R be constructible by straightedge and compass. We wish
to show that the Galois closure of Q(b)/Q is a solvable extension.

Observe that if K/Q is the Galois closure of Q(b)/Q, then K/Q is the splitting field
of f(x) := mpq(xr). Consequently, we need only show that f(x) is a polynomial which is
solvable by radicals, that is, every root of f(z) in K is solvable by radicals. Indeed, we may
write

f(z) = (x = b)(x = a1(b)) ... (z — on-1(D))

where 0; € Gal (K/Q). Consequently, we reduce to showing that for any o € Gal (K/Q),
element o(b) € K is also solvable by radicals. Indeed, since we have the following series

Q=K¢CK1C---CK,CK;1 €---CK,CK

where K11 = Ki(a1/2) where a; € K;, therefore applying o, we get

7

Q=KoCoK,C---CoK;CoKi;1C--CoK,CoK=K

where we claim that oK1 = (O‘Ki)(d(ai)l/z). Indeed, as a3/2 € K satisfies 2% — a;,
therefore a(a;/Q) satisfies 22 — o(a;). Thus, denoting o(a;)'/? as a root of 2 — o(a;), we

see that 0 K41 D (0K;)(c(a;)'/?). Converse is immediate by observing that any element of
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K11 is of form ¢ + da§/2, where ¢,d € K;. This proves the claim.
As o(b) € 0K,, C K, therefore the above claim shows that o(b) is solvable by radicals,
as required. O

Proof of Question 4. a) Let K/F be a field extension where char(F') = p > 0. We wish
to show that the following two are equivalent:

1. K/F is purely inseparable.

2. |homp (K, F)| = 1.
(1. = 2.) As [K : F]; = |homp (K, F)|, thus it suffices to show that [K : F], = 1. As K/F is
finite, therefore by tower law for separable degree, it suffices to show that [F(«) : F]s = 1.
Since [F(a) : F]s = number of distinct roots of mg p(z), therefore it suffices to show
that mq r(2) has only one distinct root. Indeed, as K/F is purely inseparable, therefore
M, r(z)|2P" —a for a € F where a = o". However, in K, we can write 77" —a = (v —a)P",
showing that 27" — a has only one root. Hence, so does Mma,r (), as required.

(2. = 1.) We have [K : F]; = [homp(K, F)| = 1. By tower law, it follows that each
element a € K is such that mq p(z) has only one distinct root. As K/F is finite where F'
is characteristic p, therefore the minimal polynomial mq r(z) has each root of same mul-
tiplicity which is some p". Consequently, we can in write in K, my () = (z — a)?" for
a € K. But then

n n

ma,p(x) =27 —aoP
over F. It follows that " € F, as required.

b) We wish to show that K/F a purely inseparable extension is normal. Indeed, as o € K is
such that m, g(z)|zP" — a for some a = o?" € F, therefore all distinct roots of m, r(z) are
distinct roots of 27" — a as well. However, over K we have 27" —a = 2?" —a?" = (x — a)?".
Thus, 27" — a has only one distinct root, it follows that m, #(z) has only one distinct root,
a € K. Since « € K is arbitrary, hence K/F is normal, as required. ]

Proof of Question 5. Let L/K/F be a finite extension. We wish to show the transitivity
of trace and norm, that is,

Trr/r(Trp k(@) = Trpp(a)
NK/F(NL/K(OZ)) = NL/F(a)'

We know that if £/D is a finite extension, then for any o € E/D

Trgp(e) =[E:Dli- Y. ola)

O'GhomD (E,D)

Applying this in our case, we get

Trpj(e)=[L:Ki- > o).

ochom (L,K)
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Applying Trg/p onto above, we yield (note that F = K as K/F is finite):

Trg/p (Trp k() = Trgyp | [L: K] - Z o(a)
O'GhOInK(L,K)

=[L:KL[K:Fl;- > 7 > ola)

T€homp (K, F) ochom (L,K)

=[L:Fli- ) Y. Flola)

T€homp (K,F) o€homy (L,K)
where 7 is an extension of 7: K — F to 7 : K — F. We now define a bijection
¢ : homg (L, K) x homp(K, F) — homp(L, F)
(0,7) — Too. (5.1)

Note that 7oo is id on F and 7 on k. This is injective as if 7 oo = 71 0 1, then restricting
to K we get 7 = 71 and thus, ¢ = o1. Moreover, this is surjective as the size of domain
is [L : K]s - [K : F|s which is same as the size of codomain [L : F|,. It follows that ¢ is a
bijection.

We can now write Eqn. (5.1) as

Tr/p(Trpyr(@) =[L:Fli- Y ke
rk€homp(L,F)

= TrL/F(a)7

as required. One can follow exact same procedure to show that

NK/F(NL/K(@)) = NL/F(a)a

as required. ]
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