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1 Smooth manifolds

Question 1. Show that the following two are equivalent:

1. X is a smooth manifold as in Milnor-Stasheff.
2. X is a smooth manifold as is defined contemporarily.
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Proof. (1. = 2.) Let X C R4 be a smooth n-manifold as in Milnor-Stasheff. We wish to produce an
atlas of X such that its transition maps are smooth. By definition, we have local parameterizations
(Ua, ha)o where U, € R™ and hy, : U, — X is an open embedding such that Uyha(Uy) = X. Denote
Vo = ha(Uy). We claim that the collection (Uy, hy) forms an atlas of X in the contemporary sense.

Indeed, we need only show that for any two «, 5, the transition map

h' o ha:hy!'(VaNVs) = hy' (Va N Vp)

is smooth. Indeed, this is what Lemma 1.1 of Milnor-Stasheff says, which we have done in class.

(2. = 1.) Consider A = C>*(X;R) to be the R-algebra of all smooth maps on the contempo-
rary smooth n-manifold X. Let the charts of X be (Uy, hy) where U, C R™ open and hy, : Uy — X

is an open embedding with smooth transitions. Denote V, = hq(Uy). Consider the function

go:X—HRA

z— (f(2))sea-
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Our first claim is that f is an injective continuous map. We first show continuity. If V C R4
is a basic open set, then V' = [] .4 U, where for all but finitely many « is U, proper, say for
Qat,...,a. Thus

(V) ={z € X | falz) € Ua}
={rx e X | fo,(x) €Uy, =1,...,k}
={ze X |ze i (Us)Vi}

k
=) /o' (Ua)
=1

and the latter is open in X as f,, € A are smooth. Next, we show injectivity of . If p(z) = ¢(y),
then for all f € A, f(z) = f(y). This follows from Proposition 2.25 of Lee.

Next, we show that the chart {(Uy, ha)}a of X gives a local parameterization of X in the sense
of Milnor-Stasheff. To this end, we first have to show that the composite ¢ o hy : Uy — R4 is a
smooth map. Indeed, it suffices to show that each for each projection 7y : RA = R for f € A, the
composition m¢ o p o hy : Uy — R is a smooth map. As 7 0@ o ho(u) = f(ha(u)) = foha(u). As
f is smooth, hence so is f o hy. This shows that ¢ o h, is smooth.

Finally, we wish to show that the derivative D(¢ o hy) : R — R4 is of rank n. We’ll show that
there is an n x n submatrix of A x n matrix D(p o hy) which is full rank. Indeed, consider a chart
h:U — M with V = h(U) and consider the projection map p; : V — R given by m; o h~!. There
exists a smooth map 1 : M — R such that Supp (¢) C V. We may thus define the map

0 ifzreV
i) = g
Yp; ifxeV.

This is a smooth map. Moreover, Supp (7;) C V. It is immediate to see that these n maps 71,..., 7T,
are such that D(7; o h) is linearly independent set for all points in U. O

Question 2. Let M C R4 be a smooth n-manifold and for z € M,let h: U — M C R4 be a
chart with h(u) = . Then show that any linear combination of the vectors 7; = 2% (u) € R? in

- Ouy
T, M is again a tangent vector. This shows that T, M is a vector space.

Proof. By translations, we may assume that u = 0 so that h(0) = z. Let ¥ = 9] + -+ + cpUy.
Consider the path n: (—e,¢) — U given by t — Y | tcie;. Let v = hon: (—e€) - M. We get

dry dhon "\ Oh dn;
O =——=0)=> -—-(0)—=

as required. 0



Question 3. Let M; C R? and M, C RP be two manifolds of dimensions n and m respectively.
Show the following:

1. My x My has the structure of a smooth n + m-manifold.

2. T(M; x My) is diffeomorphic to TM; x T M.

Proof. 1. Consider (Uy, ga)a be an atlas for M; and (V3,hg)g be an atlas for My where U, C R"
and Vg C R™. We claim that (Uy X Vg, ga X hg)a s forms an atlas for M; x M,. Indeed, pick any
point « x y € My x My. Then for some a and 3, we’ll have x x y € go(Ua) % hg(V3). Denote

kag = ga X hg : Uy x Vg — RAIB

(uv U) — (ga (u)’ hﬁ (U))

We need to show that k, g is smooth. To this end, it suffices to show that m; o ko5 : Uy x Vg — R
is smooth for any projection m; : RAIB _ R. If j € A, then note that 7j 0 kag = T; O go, Where the
RHS is smooth as (Ua, ga) is a smooth chart for M;. Similarly, if j € B. Hence, k,g are smooth
maps, as required.

Next, we show that k,g is an open embedding. To this end, we need only observe that product
of two open embeddings is an open embedding. Finally, we have to show that D(k,g) is a collection
of n 4 m-linearly independent vectors in RA"5. Observe that

. 8% 0 o D(ga) 0
D(kaﬁ)[% %hs} [ 0 D(hg)}.

As D(ga) is of column rank n and D(hg) is of column rank m, hence D(kqg) is of column rank
n + m, as required. This completes the proof of item 1.

2. It is first easy to see that T(m”m)Ml X My = Ty, My X Thp, Mo for any m; € My, ma € Mo.
This is essentially because local charts of M7 x Ms are product of those for My and Ms.
Define the map

@ . T(Ml X Mg) — TM1 X TM2
(1, T2, 01, U2) — (21, 01), (w2, 02)) -
We wish to show that this is a diffeomorphism. First, observe that ¢ is a homeomorphism as ¢ is
the restriction of the permutation homeomorphism
G My x My x R x RE — My x R4 x My x RE
(m1, ma, U1, Ua) — (ma, U1, ma, U2).
Hence, we need only show that ¢ is a smooth map with a smooth inverse. Indeed, pick any chart

k=gxh:UxV — My x My of My x My where (U, g) and (V, h) are open charts for My and My
respectively. Recall that we then have a chart

Ex0:UxV xR"xR"™ — T(M; x My)

=,

(u,v,d,b) —> (g(u),h(v),a~ —,b-—
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We need only show that the map

wo(kxd):UxV xR"xR™ — M; x R* x My x R C R x R4 x RE x R
I _ Og - 8h>
(u,v,d,b) — (g(u),a- %,h(v),b'% .

is smooth. But this is immediate as g, h are smooth charts and taking inner product is a linear
operation. One can similarly show that the inverse map

@™\t TMy x TMy — T(M; x M)

((21,01), (22, Ua)) > (21, T2, U1, U2)
is also smooth. This completes the proof. O

Question 4. Let P" be the set of all 1-dimensional linear subspaces of R”*! and consider the
quotient ¢ : R"** —0 — P". Define F = {f :P" - R | foq:R"! —0 — R is smooth}. Show that
1. F'is a smoothness structure on P".
2. Let M = {A € M,41(R) | Aissymmetric, Tr(A) = 1& A-A = A}. Show that P" is
diffeomorphic to M.
3. Show that P" is compact and V' C P" is open if and only if ¢~!(V) C R**! — 0 is open.

Proof. 1. We first show that F' separates points of P". Assuming to the contrary, we get that there
exists [z], [y] € P" two distinct points such that for all f € F, f([z]) = f([y]). Indeed, consider f;;
given by

[2]

ZiZj
Y

k=0 “k
By our assumption, we get

LiXy —  YilYj
n 2 n 2"
Zk:o Ly Zkzo Yi.

v _ x| ko
yi  Yi \| h—oYi

The square root is a constant, say o > 0. As [z], [y] € P*, we may take z,y € S+ as "1 — Pn
is a quotient map. Thus, we get @ = 1, that is

from which we deduce that for each

Ti Ay
Yi Y5
for all 4,5 = 0,...,n. This shows that [x] = [y] in P", a contradiction. Hence F' separates points.

Next we wish to show that the image of the map
@ :P" — R
[z] — (f([z])) rer



is a smooth manifold. Indeed, let M = ¢(P™) and consider the subsets of P" given by U;, i = 0,...,n
where U; = {[zo : -+~ : @) | 2 # 0}. Let V; = o(U;) € M C RF. We claim that the maps

¢ohi:R"£>Uii>M

where h; is given by (z1,...,2,) = [z1 -+t @xi—1 : 1 @y -+ : x,] is smooth. Indeed, p o h;
composed with projection on f € F' is the composite f o h; which is smooth as it is the restriction
of f o q to the open subspace of R"*! — 0 where z; # 0.

Finally, to show that @ o h; is a local parameterization for M, we need to show that D(po h;) is
of rank n. Again, as in Question 1, it suffices to find n-functions f; € F' so that the corresponding
n X n submatrix of D(p o h;) is of full rank. One can check that this is done by the following
n-functions

fj P — R
zj
)= > ko T
for each 4 =0,...,n and j # 9. This shows that P has F' as a smoothness structure.

2. Consider the map

¢ :P" — M C ROHD?
[x] — Ay

where Aw = (fm’([.%‘]))og@jgn and
fij P — R
[z]

— :Eil‘j

>h—0 Tt
It is immediate to see that indeed A, € M. We need to show that ¢ is a diffeomorphism. Clearly,
¢ is smooth as for the charts (U;, h;) of P" as in item 1, the composition

gpohi:Ui—>M
(T1,...,2p) —> Ay

is smooth as each entry of A, is a rational function in x1, ..., x, with denominator never vanishing
as 0 ¢ U;. This shows that ¢ is smooth.
We construct a smooth inverse of ¢ as follows:

v: M — P"
A = (aij) — [I]

where [ is the column space of A, i.e. the linear space spanned by n + 1-columns Ay, ..., A, of A.
Indeed, as A is a symmetric idempotent matrix of trace 1, therefore A is a projection matrix onto
a 1-dimensional subspace of R"*!, spanned by the columns. Hence 9 is well-defined. Moreover, it
is smooth as ¥ on each coordinate is a linear combination of entries of A. This shows that 1 is
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smooth. Then 1 is an inverse of ¢. This shows that M and P" are diffeomorphic.

3. The map q : R""! — 0 — P" is a quotient map. As we have the following commutative
diagram
Rn-ﬁ-l -0

/lq,

therefore we have a quotient map p : S™ — P". Thus, P" is compact. By definition of quotient
maps, V C P" is open if and only if g=!(V) is open. O

Question 5. Let M be a smooth n-manifold and R = C>*°(M;R).
1. Show that R is an R-algebra.
2. Every point x € M determines ev, : R — R an R-algebra homomorphism. That is, we have
a function

ev: M — Hom (R, R)

T —> evy
3. If M is compact, then there is a bijection of sets
mspec(R) = M.
4. If M is second-countable, then the map
ev: M — Hom (R,R)
is a bijection.
5. For any x € M, consider the R-algebra map ev, : R — R, f +— f(x). Hence for each = € M,

we get that R is an R-module via the map ev, and we denote R with this R-module structure
as R;. Then show that any R-linear map

X:R—1R

satisfying X (fg) = X(f)-g(x)+ f(x) - X(g) for some fixed x € M is uniquely determined by
a choice of a vector ¥ € T, M. That is, if Derg(R,R,) denotes the set of all R-linear maps
d : R — R, satistying d(fg) = d(f) - g(x) + f(z) - d(g) for some = € M, then we have a
bijection

Derg(R, R,) = T, M.

Proof. 1. This is immediate by pointwise addition and multiplication.

2. Define for any z € M the following R-algebra homomorphism:

evy, : R— R

fr—f(=)



which is the evaluation at x. This is the required homomorphism. Note that Ker (ev,) is a maximal
ideal since R/Ker (ev;) = R.

3. Define the map

a: M — mspec(R)
x — Ker (evy).

By item 2, a(z) is indeed a maximal ideal of R. Pick any maximal ideal m € mspec(R). We show
that it is kernel of evaluation at some point. If not, then for all x € M, there exists f, € m such
that fy(x) # 0. As fr : M — R is continuous, therefore there exists an open x € U C M such
that f,(y) # 0 for all y € U,. We have thus obtained a cover of M by {U,}. By shrinking each
U, if necessary, we may assume that U, C C, C V, where C, is a compact set of M and V, is
open in M. It follows by compactness that there is a finite cover M = |J;_; U,,. As M is compact
Hausdorff, therefore there exists smooth bump functions on each open U,,. Thus we have maps
pi © M — R such that p; = 1 on U,,. Consider then the map g = Y ;" | plfi This is a global
smooth map g : M — R such that g(z) = Y1 pif2.(x) # 0 as for any = € X, there are finitely
many Uy, containing = on which atleast one of f;, is non-zero and p; is 1. Hence g is invertible. As
fi € m, therefore ¢ € m and hence m = R, a contradiction. Thus « is surjective.

We next show injectivity of o. If m; = my and = # y, then by Hausdorff property, we may
separate x and y by opens U and V. Consider the singleton {z} C U which is compact. By
Proposition 2.29 of Lee, we deduce that there exists f : M — R smooth such that f(z) # 0 and
f=0o0n X\V. Thus f(z) # 0 and f(y) = 0, as required. This establishes that « is an isomorphism.

4. It is injective as if f — f(2) is same for « and y, then m, = m, by item 3. By injectivity
of o we deduce that x = y. For surjectivity, pick ¢ : R — R an R-algebra homomorphism. Then,
we claim that there exists © € M such that ¢¥(f) = f(x). We give a simple proof if M is compact.
Indeed, by item 3, we have that Ker (1)) = m, for some point x € M. We claim that ¢ = ev,.
Indeed, if not then there exists g, € R such that 1(g,;) # g(x). Consider the map f = g, — ¥ (gz)
in R where we assume v (g,) as a constant function. Applying v to it, we get

w(f) = w(gm> - w(W%)) = 1?(%) - ¢(Qm) = 0.

Thus f € m, and hence g,(x) = ¥(gx), a contradiction. This completes the proof of item 4 for the
case when M is compact.

Now consider M to be only second countable. If ¢ # ev, for all z, then for all z € M, there
exists g, € R such that ¥(g;) # g.(x). We thus get maps f, = g — ¥(g,) € R which are non-zero
at x. It follows that there exists opens U, containing x such that f, on U, is non-vanishing, so we
may assume wlog that f, > 0. Note that for each f,, we have

w(fx) = 0.

Thus, each f, € Ker (10). We next deduce by second countability, in particular, by Lindel6f property
that there exists a countable subcover U, of M. By refinement, we may assume that {Uy, }, is a
locally finite cover. This allows us to construct a non-zero global smooth map given by

g:chcn
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where g(x) = )", fz,(x) is finite as {Uy, } is a locally finite cover, so there exists U > x such that
UNU,, # 0 only for finitely many n. Consequently, Ker (¢)) contain g which is non-zero and hence
a unit, a contradiction to non-triviality of .

5. Consider the map

¢ : TyM — Derg(R,R,)
U — Xx,f)‘

where X, 5(f) = Df,(v) € R, the directional derivative of f at x along ¥. This is injective as if
X5 = Xy for ¥,40 € T, M, then Df, (V) = Df,(w) for all f € R. As Df,(V) = V[, - U where
V fr € R™ is the gradient vector of f at z, therefore we get that V f, (7 — &) = 0 for all f € R. We
may let f to be the global projection maps on M obtained by using partitions of unity and the
n-projection maps on the local charts. This yields that ¥ — w = 0, as required.

For surjectivity, consider any derivation d : R — R,. We wish to show that d = X, 5 for some
v € T, M. Begin by fixing a coordinate chart h : U — M such that h(0) = x where U C R" is an
open neighborhood of 0. Consider the basis vectors ©; € T, M given by

Oh
o, (0).

We do the Taylor expansion of foh : U — R, so that for some open U’ C U around 0, we can write

foh(p) = foh(0)+D(foh)(p) +p"H(f o h)op

_ " 9foh "L ?foh
_f(x)+;3%(o) “pi + e (0)pip;.

—

V; =

ij=1

where H(f o h)g is the Hessian of foh at 0 € U'. Let ¢ : V' = h(U’) — U’ be the inverse of h on
U’. Thus for any y € V', we may get the following by replacing p by ¢(y):

O n 2 O
+Zaf o) siw)+ S LL M 0)6i00)65 ).

0x; O0x; T
! =1 "

Applying d on above equation, we get

o n 2 o
a(f) = +Zaf "0)-dig) + 3 2L 0)a(0i0y)

ox; by Oxix;

0]
Now note that derivation applied at a constant is 0, so d(f(z)) = 0. Further, d(¢;¢;) = ¢i(x)d(¢;)+
¢j(x)d(¢i) =0 as ¢;(x) = 0 = ¢;(z). Hence, we get

) =Y 22 0) - d(s).

i=1
Now, observe that
d(¢i) - Xo,(f) = d(¢i) - D f (V)

df oh
= 2200 - d(6),




Hence, we get that

n

d(f) = Z d(gbi)Xa:,v_{ = Xx,Z?zl d(¢:)V; (f)7

=1

as required. O

2 Vector bundles

Question 6. Let M be a smooth n-manifold. Show that the tangent manifold T'M with the
projection map 7 : T'M — M is a vector bundle of rank n.

Proof. Fix a point z € M. We wish to find an open set U > x in M such that 7 : 7= }(U) — U
is a trivial bundle. Indeed, consider a chart (U, h) around z, so that h : U — R™ is an open
embedding. We claim that 7—1(U) is the tangent manifold of U C M. Indeed, 7~ }(U) = {(z,7) €
U xR"|veT,U} and since T,U = T, M, therefore 7=1(U) = TU. Tt hence suffices to show that
TU = U x R", that is, U is parallelizable. We claim that TU =2 TV where h : U -V CR" is a
homeomorphism. Indeed, as each chart is a diffeomorphism by inverse function theorem, hence the
map dh : TU — TV induced by h is a fiberwise isomorphism. It now suffices to show that TV is
trivial.

To complete the proof, it suffices to show that any open subset of R" is parallelizable. Indeed for
V CR"™ and z € V, we may consider T,V = R" obtained by shifting the origin to x. Consider the
sections s; : V — TV mapping x +— (x, ;) where €; is the i*" standard vector in T,V = R™. This
is continuous since it is continuous as a map V' — V x R". Note that this may not be continuous if
V was not a manifold with one chart, as then different charts would give different coordinates for
the same tangent vector. As the collection sy, ..., s, is everywhere independent collection of global
sections of TV — V hence TV — V is trivial. O

Question 7. Show the following about n-spheres.
1. If S™ admits a non-vanishing vector field, then the identity map id : S™ — S is homotopic
to the antipodal map a : S™ — S".
2. If n is even, then antipodal a : S™ — S™ is homotopic to the reflection r : S™ — S™ given by
(.1:1, o ..., $n+1) — (—xl,xz, ... ,a:n+1).
3. If n > 2 is even, then S™ is not parallelizable.

Proof. 1. Let s : S™ — TS™ be a non-vanishing vector field, so that s : x — (x,§(x)) where
§5: 5™ — R™ is a continuous map. We construct the following homotopy:

H:S8"xI— 85"

V2N

(z)
15(2)

Indeed, as (x,$(x)) = 0, therefore H is a well-defined homotopy from id to a.

(z,t) — x cos(tm) +

sin(tm)

V2N

2. Done in class.
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3. Suppose n > 2 is even. Assume that S™ is parallelizable. Then TS™ = S™ x R™. Conse-
quently, S™ admits a non-vanishing vector field, say f : S™ — T'S™, x — (z,¥) where ¥ is fixed in
R"™. By item 1, we get id ~ a and by item 2, we further get a ~ r. Thus id ~ r. But degid = 1,
degr = —1, a contradiction to the homotopy invariance of degree map. O

Question 8. Show that any vector bundle p : £ — B where B is a paracompact space has an
Fuclidean metric.

Proof. Cover B by local trivializations {U, } such that for each a, we have isomorphisms of families:

U, xR”—a>p1 (Ua)

ml i

Define on each p~(U,) the following Euclidean metric:

a2
Z’L T ]R

,ua:pfl(U)—>U x R" =
which maps as e — (p(€), ka(€)) — > iy ko, (€)? where kq(e) = (ka,(€)). We will patch these jiq
up by using partitions of unity. First, by paracompactness of B, we may assume that {U,} is a
locally finite cover. Consequently, p~1(U,) is a locally finite cover of E. By partitions of unity, we
get maps po : B — R with ) po = 1 and Supp (po) € U,. Denote 04 = poop: E — R and
observe that > 0, = 1 and Supp (04) C p~1(U,). We will now patch up pq.

Define 4 = ) 04 - jio which is a map £ — R. This is well-defined by construction. We need
only show that for each b € B, the map on fibers E, — R is a positive definite quadratic form.
Indeed, by local finiteness of {U,}, we get that each b € B is contained in say Uy, N---N Uapm, and

hence E, C p~ YUy, )N -+ ﬂp_l(Uamb). Consequently on fiber E}, the map p is

my
Hy = E Oa; * Ma»
=1

where each o,, is a constant function on Ej as for any e € Ej, 04,(€) = pa, © p(€) = pa, (b) € R>q.
Hence py is a positive definite quadratic form, as required. ]

Question 9 (Alezandroff line). Show that the Alexandroff line doesn’t admit a Riemannian metric.

Proof. Alexandroff line L is a 1-dimensional smooth connected manifold. Recall that every Rie-
mannian manifold has a metric space structure. But since L is not paracompact and every metric
space is paracompact, therefore L cannot admit a Riemannian structure. ]

Question 10 (Isometry theorem). Let p : E — B be a vector bundle and u, i’ be two Euclidean
metrics on E. Denote E = (E,pu) and E' = (E,u/). Show that there exists an isomorphism
f:+ E — E’ of vector bundles such that for all b € B, the linear map fj, : (Ep, jtp) — (Ep, ) is a
linear isometric isomorphism.
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Proof. Fix b € B. Observe that for any @ € Ej, we have (%) = 97 Ayt and p} (7) = 71 A& where
Ay, Ay are positive definite symmetric matrices corresponding to the positive definite quadratic
forms pp, 1, © Ep — R, respectively. Recall that every positive definite symmetric matrix M has
a unique square root, that is, a positive definite symmetric matrix v/M such that (\/M )2 = M.
Since a positive definite matrix is always invertible as it has all positive eigenvalues, therefore if we
write

Ay = Ay Ay

N
then for B, = (\/A})~" - /A, we get

Bl - A} - B, = A,
We thus define a map

beEb —)Eé
17!—>Bb17.

Observe that p}(f,(7)) = (By0)T Ay (Byo) = o BF A, Byt = 07 Ay = pp(¥), hence fy is a linear
isometric isomorphism. Thus we get a function f : E — E’, which is isomorphism on fibers. To
see the continuity of f, we need only show that the mapping b — By is continuous as b varies in B.
As the map b +— By is the product of b — (\/ng)_l and b — /A, and since the mapping b — Ay,
b — A} are continuous by continuity of p and p’, therefore it is sufficient to show that for the
mapping M — /M for positive definite symmetric matrices M is continuous. This is immediate
from power series expansion of /M. O

3 Constructions on vector bundles

Question 11. Let M, N be two smooth manifolds of dimension m and n. Let g : M — N be
a smooth map which is a submersion. Construct a subbundle Ker (¢g) of 7'M whose fibers are
Ker (gx T M — Tg(z)N). If M is Riemannian, show that

TM = Ker (g)® g*(TN).

Proof. As a submersion is of locally constant rank, therefore by Theorem 3.0.1, we have the kernel
bundle Ker (g). Now suppose M is Riemannian. Let U be a common trivialization of both Ker (g)®
g*T'N and T'M. To show the splitting, it is sufficient to show that there is a map hy : Ty,) N — T, M
such that = — h, is continuous and h, is a splitting of the following s.e.s:

0 — Ker(g,) —— TuM —== Ty(yN —— 0 .

Koo
ha

Indeed, let p: T'"M — R be the given Euclidean metric, thus each 7, M is an inner product space.

Recall from linear algebra that Ker (g,) ® (Ker (g:))* = T M. Thus we have g, : (Ker (g;))*t —

Ty(z)N is an isomorphism. Let hy : Ty,)N — (Ker (92))* be its inverse. As taking inverse of linear

isomorphisms is a continuous map, therefore x — h, is continuous, as required. ]



12 3 CONSTRUCTIONS ON VECTOR BUNDLES

Question 12. Let ¢ = (E,p,B) and n = (E’, ¢, B) be two bundles of rank n and m respectively.
Let f: B — Hom(§,n) be a global section such that the map b — dimIm(f(b) : B, — Ej}) is a
locally constant function. Then construct Ker (f) and CoKer(f) two vector bundles over B whose
fibers are Ker (f(b)) and CoKer(f(b)) respectively.

Proof. This is done in Theorem 3.0.1 as any f : B — Hom({,n) is equivalent to the data of a
vector bundle map f: & — n. O

Question 13. If a vector bundle £ = (E, p, B) admits a Euclidean metric, then it is isomorphic to
the dual Hom(&,€h).

Proof. Let u: E — R be the Euclidean metric and £ be of rank n. Let U C B be a common local
trivialization of both E and Hom(&, e'). We then have the following diagram:

UXR”—)p ————— > <—U><Hom(]R"]R)
where we define f by defining the map k1o foh: U x R* — U x Hom (R",R) as follows:

kYo foh:(bd)— (b (¥,—)p)

where (—, —); is the inner product on Ej, defined by the positive definite quadratic form g, : Ep — R.
As p: E'— R is continuous, therefore the (—, =), : Ep x Ep — R, is continuous in b € B and thus
the above map k! o f o h is continuos. This defines a global continuous map f : E — Hom(&, €h).
To show that f is an isomorphism, it is sufficient to show that f; : E — Hom (Ejp, R) is a linear
isomorphism for each b. Indeed, this is clear as Fj is an inner-product space, therefore the map
fv : e (e, —)p is an isomorphism by Riesz-representation theorem, as required. ]

Question 14. Construct the Picard group Pic(B) of a space B and show that those elements of
Pic(B) of order < 2 are equivalent to Euclidean line bundles on B.

Proof. Let Pic(B) denote the set of isomorphism classes of line bundles over B. For two line bundles
¢ = (L1,m1,B) and n = (Lo, w2, B), we define £ ® 1) to be the tensor product bundle (L; ® Lo, 7, B).
As rank of L1 ® Lo is equal to product of ranks of Ly and Lo, therefore 7 : L1 ® Lo — B is also
a line bundle. As £ ®n = n® ¢, therefore we have a well-defined commutative product on Pic(B).
To show group structure, it suffices to show that £ ® e! = ¢ and the existence of inverses. Indeed,
define ¢ : ¢ @ e! — ¢ which on fiber at b € B is L1y ®r R — Ly mapping as e®@ A — Ae. Clearly
 is an isomorphism on fibers. To see continuity, consider the following diagram for a common
trivializing open U C B for both the bundles:

UxR@rR — 77 1(U) —2— 7~ Y(U) +2— U xR

N

As the horizontal map can be checked is equal to (b, A ® ) + (b, Ay), which is continuous, therefore
 is continuous. Hence, ¢ is an isomorphism, as required.
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Next suppose ¢ = (L,m, B) is a line bundle and let £ = Hom(¢,€') be the dual bundle. Note
that € is also a line bundle. We claim that ¢ ® Hom(&,e') = €'. Indeed, define the map ¢ :
£ @ Hom(€, ') — €' which on fiber at b € B is defined as L1, ® Hom (L1 5, R) = R, e® ¢ — p(e).
Clearly, this is an isomorphism on fibers. To show continutiy, take U 2 b a trivializing neighborhood
of b for both the bundles. By drawing the similar diagram as above, we conclude that ¢ is continuous
and isomorphism on fibers, hence an isomorphism.

Now pick & = (L, w, B) to be a Euclidean line bundle on B which is not trivial. We then claim
that £ ® € = €!. Indeed, first observe that for any inner product space V, there is an isomorphism
V@rV — R given by v®@w + (v,w). We use this to define an isomorphism & ® ¢ = ¢!. Define
0 :E®E — e onfiberat b € Bby L1, ®@Li1p — R, e® f — (e, f), where (—, —)p is the inner
product on fibers given by the Euclidean structure. Clearly ¢ is a fiber isomorphism. We need only
show that it is continuous. Indeed, drawing the same diagram as above one immediately sees this.
Hence, ¢ is an order 2 element of Pic(B).

Conversely, pick an order 2 element ¢ € Pic(B). Then, there is an isomorphism ¢ : £ ® € — €.
It follows that we have an isomorphism ¢, : Ly ® Ly — R which varies continuously on b. As
Ly ® Ly =2 R, therefore we have ¢y, : R — R. It is sufficient to show that ¢ is positive definite. To
this end, we need to show that ¢,(A2) > 0 for all A # 0 in R. As ¢,(A2) = A2py(1), therefore we
need only show that ¢,(1) > 0. Observe that the map b — (1) is continuous and since each ¢y, is
an isomorphism, therefore by intermediate value theorem, either ¢p(1) > 0 or < 0 for each b € B.
If pp(1) < 0, we may replace ¢ by —p. Hence we have (1) > 0 for all b € B, as required. O

Theorem 3.0.1 (Theorem 8.2 of Husemoller). Let (E',n’',B’) and (E,w, B) be vector bundles of
ranks n and m respectively and (f,g) : (E',7n',B") — (E,m, B) be a map of vector bundles where
[+ E' — E is of locally constant rank. Then, there exists bundles K, over B' and Cy over B
such that fiber of Ky and Cy at © € B is Ker (g5 : Ej, — Eg(x)) and CoKer(g, : B, — Ey)),
respectively.

Proof. Define K, = H,cp/Ker (fw : Bl — Eg(x)) and Cy = HzepCoKer(f, : B, = Eyy)). Give K,
the subspace topology of E’. It is thus sufficient to show that 7’ : K; — B’ is locally trivial. To this
end, pick any point b € B’. There exists trivializing neighborhood U > b and V' 3 ¢(b) such that
g Y(V) = U such that f: 7~}(U) — 7= 1(V) is of constant rank k. We thus have the following
diagram:

UxR —1y U) —Ls 7 l(V) i v xR

Let the horizontal composite be u : U x R® — V x R™ and denote for each b € U the corresponding
linear map as up : R® — R™.
We now have the following split exact sequences for each z € U
0 — Ker (uz) — R™ %8 Im(ugz) — 0

and

0 — Im(uy) - R™ — CoKer(ug) — 0.
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Thu for a fixed by € U, we may write

R" =V @ Vs
R™ =W; & Wy

where Vi = Im(up,), Vo = Ker (up,), W1 = Im(up,) and Wy = CoKer(up,). Now construct the
following linear map for each x € U:

V=R"oWo=VidVoad Wy -5 W, &WodVoa=R"® Vo =W,

where w, on Vi is ug, on Va is u; @ idy, and on W is idyy,. Note that wy, is a linear isomorphism.
Since u, is continuous in x and isomorphisms form an open subset of linear maps, hence we may
assume by shrinking U appropriately that w, is isomorphism for all x € U. Let v, : W — V be
the inverse of w;. Note that z — v, is also continuous.

Using w,, we show that K, is locally trivial. Indeed, a vector (v,72) € R" = V; @ V3 is in
Ker (g, : B}, = Ey(,) if and only if w,(v1,72,0) = (0,02,0). Thus, (¢1,7) € Ker (f,) if and only
if v,(0, ¥3,0) = (¥, ¥2). Hence the map

Ux Vs — U xR 5 2~1U)
(z,7T2) — (2,v4(0,72,0)) — h(x,v;(0, U2,0))
maps U x V3 isomorphically onto 7/~}(U) N K, thus giving a local trivialization of Ky, as required.
Finally, we show that Cy is locally trivial. Observe that Im(u,) N Wy = 0. Indeed, if not then

for some (¥, 7;) € R™ = V) @ Vo, we have u, (v, v2) € Wy C R™. Then, u,(vh,vs,y) = 0 and by
injectivity of u,, we conclude that ¥; = 0. Hence, we may define

Vx Wy — V x R™F
(x, W) —> (z, W2 + Im(uy)).

This gives the required local trivialization for C|. O

4 Stiefel-Whitney classes & Grassmannian

Question 15. Show that for two vector bundles £ = (E1, 71, By) and n = (Eq, 2, Ba), we have
k
wy(§ x 1) = sz’(f) X wi—i(n)
i=0

where x denotes the cohomology cross product.

Proof. Recall that & x n = pi§ @ p5n where p; : X XY — X and py : X x Y — Y are projections.
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Consequently,

k
wi(€ X n) = wi(pi€ S pin) = > wipi€) — wi—i(phn)
i=0
k
= 3" pi(wil€) — pun—i(n)
i=0
k
=D wi(§) X wp—i(n).
=0
This completes the proof. O

Question 16. Show that for n + 1 = 2"m where m > 3 is odd, there are no 2" everywhere
independent vector fields on P”.

Proof. Let {Xi}i:h_,y be 2"-everywhere independent vector fields on P". These define independent
sections X; : P — TP". Hence, this defines a trivial subbundle £ C TP" of rank 2". As P" is
compact, therefore TP" has an Euclidean metric. Consequently, there exists F- C TP" of rank
n—2"=2"m-1-2"=2"(m—1) — 1 such that

E@Et =TP"
By Whitney product formula, we have
w(TP") = w(E) - w(EY)

where the product is in H(B;Zy). As E is trivial, therefore w(E) = 1. Hence, w(TP") = w(E").
Note w(TP") = (1 +a)"*' = (14 a)?>™ = ((14a)?")™ = (1 + a*)™. This has largest term given
by m - a2 (™= This is non-zero as m is odd, so mod 2 it is non-zero. On the other hand, the
largest possible non-zero term of w(EL) is a® (™~1~1 by above. This contradicts the conclusion
that w(TP") = w(E1), as required. O

Question 17. Show that P admits a field of tangent 1-planes if and only if n is odd. Show that
P4 and P doesn’t admit a field of tangent 2-planes.

Proof. Let E be the subbundle of TP™ of rank 1. We show that n is odd. Note we have a
decomposition TP" = E @ E+, where E+ has rank n — 1. By product formula, we have

(1+a)"™ = w(E) - w(E").

We have two cases. First, if w(E) = 1, then w(E+) = (1 + a)"*!. As the largest possible degree
term of (1 4+ a)"*! is (n + 1)a™ and for w(E') the largest possible degree term is a"~!, thus
we must have n + 1 = 0 mod 2, that is, n is odd. In the second case, w(E) = 1 + a. Then,
w(E+) = (1 + a)", whose largest non-zero term is a”. But the largest non-zero term of w(E")
must be a”~!, a contradiction. Conversely, if n is odd, then P* admits a non-vanishing vector field
as S™ has a non-vanishing vector field for n odd. This shows the first part.
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Suppose E C TP? is a rank 2 subbundle of TP%. Then, we have E @ E+ = TP, where Et is
also rank 2. By product formula,

(1+a)’=14a+a*=wE) wkEH).

As w(E),w(E+) = 1,1+ a,1+a? 1+ a+ a?, one then easily sees that none of their product ever
gives 1 4 a + a*, as required.
Similarly, if TP = E @ E+ where E and E* are of rank 2 and 4 respectively, then

(1+a)" =w(E) wE).

Now, w(E) = 1,1 +a,1+ a? 1+ a + a®. One then again checks similar to the P* case that in all
cases for w(E) we get a contradiction. O

Question 18. If an n-manifold M can be immersed into R+, then show that wy, (M) = wy (M) ~*.
If P* can be immersed into R*™!, then n =2" — 1 or n = 2" — 2.

Proof. Let NM — M be the normal bundle of rank 1, hence either w(NM) = lor 1 + b, for
b=w (NM) € H (M;Zs). As TM & NM = !, therefore if w(NM) = 1, then w(TM) = 1
and hence wi(TM) = 0 and hence w;(TM) = wi(TM)~* vacuously. On the other hand, if
w(NM) =1+ b, then

w(TM)=w(NM)=1+b=1+b+b>+---+b"

From above expression, we deduce that w;(NM) = wi(T'M) = b. Hence for any k > 1, we have
wi(TM) = wi(TM)*, as required.
For the second statement, suppose P* immerses into R”*!. Thus we have a splitting

T]Pn+1 @ L o~ €n+1
where L is a line bundle. Thus we have
w(TP") - w(L) = 1.

Now either w(L) = 1 or 1 + a. Hence, w(TP") = 1 or (1 4+ a)~!. In the former, by the theorem
that says w(TP") = 1 if and only if n + 1 = 2", we deduce that n = 2" — 1. In the latter, we have
(14 a)""! = w(TP") = (1 +a)~!. Consequently, (14 a)"*2 = 1. If n + 2 is not a power of 2, then
we have n + 2 = 2"m where m > 1 is odd. Expanding (1 + a)""2, we get

l=(1+a)"?=(10+a)*"=00+d*")"=1+ma* +....
This yields that m is even, a contradiction, as required. O

Question 19 (Unoriented cobordism group). Let M, denote the collection of all n-dimensional
closed manifolds. Denote

Q0 =M,/ ~

where M ~ N if and only if there exists W an n + 1-dimensional compact manifold such that
OW = M II N. The set Q2 is called the unoriented cobordism group.
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1. Show that Q2 is an abelian group under disjoint union.
2. Show that Q9 is a finite-dimensional Za-vector space.
3. Show that Qf has atleast four distinct elements.

Proof. 1. Define
[M] + [N] := [M II N].

We first show that this is well-defined. If [M] = [M’] and [N] = [N’], then there exists A, B com-
pact n + 1-dimensional manifolds such that 9A = M II M’ and 9B = NII N'. Consequently, AIl B
is a compact n + 1-dimensional manifold with boundary 0(AII B) = 0AIIOB = MIIM'IINIIN'.
Hence, [MIIN] = [M'IIN’], as required. Associativity and commutativity is immediate. Moreover,
identity of Qg is given by the empty manifold ), which is considered to be a manfiold of every dimen-
sion. Finally the additive inverse of [M] is given by [M] itself since M ITM is the boundary of M x I.

2. Since for any [M] € Q9. we have [M] + [M] = 0, hence we have a natural Zs-vector space
structure on Qg To show finite dimensionality, it is sufficient to show that Qg is finite. Indeed,
by Thom-Pontryagin theory, two closed n-manifolds M, N € M,, give [M] = [N] if and only if
all of their Stiefel-Whitney numbers are same. As there are only finitely many possibilities for
Stiefel-Whitney numbers for a given closed n-manfiold, therefore there can atmost be finitely many
cobordism classes with different Stiefel-Whitney numbers. Hence there are only finitely many

cobordism classes, as required.

3. We will show that P2 x P? and P* are not cobordant. It will then follow that QY has atleast
three elements. Since Qg is a Zg-vector space, therefore it must then atleast have four elements,
as required. To this end, it suffices to show that there exists a Stiefel-Whitney monomial which
evaluates to different numbers for P? x P? and P*. We first calculate the Stiefel-Whitney classes
for both these spaces.

For P*, we have

wPH =(1+a)’=14+a+a’

where a € H'(P* Z5) is the non-zero term. On the other hand, the tangent bundle on P? x P? is
given by the Cartesian product TP? x TP2. If p, q : P? x P? = P? are the coordinate projections,
then we can write this Cartesian product as

TP? x TP? = p*(TP?) & ¢* (TP?).
Consequently, by naturality of Stiefel-Whitney classes, we must have
w(TP? x TP?) = p*(w(TP?)) - ¢* (w(TP?)).
As p* = ¢*, we further have
w(TP? x TP?) = p*(w(TP?) - w(TP?)).

Let b € H'(P? Z) be the non-zero element. Then w(TP?) = (1 + b)3 = 1 + b+ b%. Consequently,
we have

w(TP? x TP?) = p*((1 + b+ b?)?) = p*(1 +b*) = 1 + (p*b)*.
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Now, consider the Stiefel-Whitney monomial wy. We claim that w4[P4] # 0. Indeed, as H*(P4; Zy) =
Homg, (H4(P*; Zs),Zs) by the evaluation map and since wy(P*) # 0, hence wy[P*] # 0. On the
other hand, w4(P? x P?) = 0, as calculated above. Thus, wy[P? x P?] = 0. This shows that P? x P?
and P* have different Stiefel-Whitney number corresponding to the top monomial wy, hence they
are not cobordant, as required. O

Question 20 (Smooth structure on Grg(n)). Show that Grg(n) is a smooth manifold of dimension

k(n — k).
Proof. We'll show that Grg(n) is a closed subamnifold of P(AFR™). Consider the function

P:Grp(n) — PAFV
Ar—Jug A A

where A has basis {v1,...,vx}. This is well-defined as if {wi,...,w;} forms another basis of A,
then wy A - Awg = d - (vy A--- Avg) where d is the determinant of the change of basis matrix,
and thus they determine same point in P AF V.

We next wish to write P in projective coordinates of PA* V. To this end, fix a basis {e1,...,en}
of V. Writing each v; in this basis, we deduce that the k-plane A is the row space of the & x n
matrix Ax whose rows are v;. We can then write

S ARERWAR Y N Z prers
I€lnc(k,n)

where I = (i1,...,ix) is an increasing sequence of elements from {1,...,n}, ef = ¢;; A--- Ae;,
forms the basis of A¥V and p; = det Ap[I], the k x k-minor of Aj determined by columns with
index I. In projective coordinates (of which there are "C} many), the map P is merely

P A= [prlreme(kon)

where pr = det Ap[I] is a polynomial in the entries of a general k x n matrix.

We first wish to show that this function is injective. Indeed, if P(A) = P(A’), then v A« - Avg =
d-wiA...wy for d € R* where {v1,...,v;} is a basis of A and {w,...,wy} is a basis of A’. If [p]s
and [gr]r are projective coordinates of v1 A--- Avg and wy A- - - Awy, respectively, then pr = d-qy. It
follows that every k x k minor of A, is a common multiple of the same minor of A,/. Consequently,
Ap and Ay have same row space, as required.

The map P embeds Gr(R™) as a subspace of P(A*V). We next claim that Gry(n) is in-fact a
closed subspace. We need only show that the image of P is closed. To this end, we first claim that

Im P = {[77] e P(A*V) | dimImV 29 ARy < — k}

Indeed, image of P consists of classes of all those n € AV where n = vy A--- Awy, for v; € V, ie.
1 is a pure tensor. The vector n is of this form if and only if dim Ker (V a /\’“V) > k and hence

the desired claim follows. .
As An is a linear map, therefore dim Im V' M ARV < — k if and only if all n — & + 1 minors
of An are 0. This is a closed condition, as required. ]
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Question 21 (Tangent bundle of Gry(n)). Let V¥ — Gry(n) be the universal k-plane bundle on
the Grassmannian of k-planes in R™.
1. Show that the tangent bundle of Grg(n) is isomorphic to

Hom(V*, Q)

where Q is the orthogonal complement of V¥ in €”. In other words, Q = €”/V* is the universal
quotient n — k-plane bundle over Grg(n).

2. Let M C R™ be a smooth manifold of dimension k£ with normal bundle v. If g : M — Grg(n)
is the Gauss map of M, then show that g determines a unique global section of the bundle
Hom(TM @TM,v).

Proof. 1. We denote G = Gr(k,V) and p : TG — G and q : Hom(V,Q) — G be the two given
rank k(n — k) bundles. Let I' C V be an n — k plane of V' and consider the open affine patch
Ur of all k-planes linearly disjoint to I'. For a fixed Q € Up, we have Ur = Hom (Q,T"). Then,
T'G|y. = UrxHom (£, T') since T'G is trivial over any affine chart of G. Our first claim is that fibers
of Hom(V,Q) at Q € Uy is isomorphic to (T'G)q. Indeed, as (T'G)q = Hom (£2,T'), therefore we
need only show that Vo = Q and Qg = I'. To this end, by construction Vo = Q and Qq =V/Q =T
since V = Q @ I'. Consequently we have isomorphism

v (TG)g — Hom(V,Q)q

for each €2 € G. We claim that these define a bundle isomorphism. To this end, we need only
show that transition maps Ur N Upr — GLg(R) that both the bundle induces are isomorphic for
any two affine open patches Ur, U of G. To this end, we first observe the transition maps for T'G.
Recall that transitions for tangent bundle comes from the derivative of transition maps of the base
manifold. As the transition of the G from Ur to U} is given by (denote U = Ur N Urv)

¢ : Ur = Hom (Q,T) — Up» = Hom (2, TV)

—1
which is obtained by the composite linear isomorphisms I' = V/Q ’B—> I, the transition map of
TG is the differential of :

dip : U x Hom (€, T) — U x Hom (Q,I")

which is again same as 1 on second factor as v is linear. We next wish to show that Hom(V, Q) has

the same transitions. Indeed, by theory of continuous functor it is immediate that the transition
of Hom(V,Q) on U is same as di.

2. Given the map g : M — Grg(n) which maps = — T, M, we get the map on tangent bun-
dles

dg : TM — Fom(V*,Q)

which takes (z,?) — dg(z,¥) where dg(x,¥) is a bundle map given by (note V:’},ZM = T, M and
Qr v =V/TuM = v,)

dg(z, V) : Ty M — vy
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It follows that we have a bundle map dg : TM — Hom(T M, nu). Consequently, g gives a global
section dg of Hom(TM,Hom(TM,v)) = Hom(TM @ TM,v) and this section is unique w.r.t. the
property that it is the differential of the map g : M — Grg(n), as required. O

Question 22 (Universal property of Grassmannians). Let B be a paracompact space. Then there
is a one-to-one correspondence between maps B — Gry to Grassmannian of k-planes in R* and
collection of k-plane bundles over B.

Proof. Let Bung(B) be the collection of all k-plane bundles over B and V¥ be the universal k-plane
bundle over Grg. Consider the map

Hom (B, Gry) — Bung(B)
p — " (VF).
We claim that this map is a bijection. We first show injectivity. If we have bundle equality
©*(VF) = +*(VF), then we at once have ¢ = v. The difficult part now is to show that the above
map is surjective.

Let £ = (F,p, B) be a k-plane bundle over B. We wish to construct ¢ : B — Grj, such that
©*VF = ¢, By Lemma 5.9 of Milnor-Stasheff, it follows by paracompactness that there exists a
countable cover {U;} of B such that restriction of £ to Uj is trivial. By partitions of unity, there
exists maps p; : B — R and W; CW; C V; CV; C U; such that p; = 1 on W;, Supp(p;) = V; and
V; covers B. Let h; be the composition of local trivialization with projection:

hi - p Y (U;) = U; x RF — RF
Note that h;p : By — R is a linear isomorphism. We then extend h; to whole of E by using p; as
follows; define
hi: E — R"
{pi(p(e))hi(e) if p(e) € Ui
0

else.

er—r

At this point, we have a countable family of maps {BZ} Using the we construct the following map
fiE—RFxRF x... =R®
e — (hi(e), ha(e),...).
This is continuous as it is coordinatewise so. Moreover, for b € B, the restriction
f:E, — R™®

is linear and injective. Indeed, linearity is immediate and if for some e € Ej, we have f (e) =0,
then since for some i, p;(p(e)) # 0, hence h;(e) = 0. By injectivity of h; on Ep, it follows that
e = 0, as required.

We finally construct the pullback square

E 1 5 pk

AR
BTGrk
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by first defining f as follows:

f:E—VF

e (F(Eye). f(0))

which then induces the map ¢ : b — f (Ep). Observe further that f is an isomorphism on fibers as
fo: By — f(Eb) is the map f : By — R*°, which is proved to be injective. To complete the proof,
we need only show that f is continuous.

To see continuity of f, it is sufficient to show that f composed with local trivializations of &
are continuous. Indeed, let k; : p~1(U;) — U; x R™ be the local trivialization of ¢ as stated in the
beginning. Then, we claim that the map f o k" 1is continuous. Indeed, we have

fokit:(0,0) — (f(By), f(ki'(b,0))) .

This is continuous as both factors are so by continuity of f and k; ! This completes the proof. O

5 Cohomology ring of Grassmannian

Question 23. Show that the inclusion i : Grg(n) < Grg(oo) induces an isomorphism
i« H?(Grg(o0); R) — HP(Gri(n); R)

for every p < n — k and for any ring R.

Proof. Let X = Grg(oo) and A = Grg(n). From the long exact sequence of pairs, we get the
following exact sequence

.-+ — HP(X,A;R) - HP(X;R) — HP(A;R) — HP" (X, A;R) — - - - .

We claim that HP*1(X, A; R) = 0 = HP(X, A; R). Indeed, pick 0 < ¢ < n — k. We will show that
the relative cellular chain group Cy(X, A; R) is 0. This is sufficient as then H?(X, A; R) = 0 and
thus the above exact sequence ¢* will be an isomorphism.

We have

Cy(X;R) RY _
X,AR)= 1"~ =_" =R"°
CalX, 4 R) C,(A;R)  Re &

where d and e are the number of ¢-cells in X and A respectively. As

d=#{n—-k>a>-->a,>1]ar+ - +ap=q}
e=#{oo>by > >b>1|b1+---+b,=q}

and ¢ < n—k, therefore by < n—Fk always. Hence d = e and thus Cy(X, A; R) = 0, as required. [

Question 24. Let f: Griy(R") — Griy1 (R @ R") be defined by X — R & X.
1. Show that f is an embedding.
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2. Show that there is a fiber square:

Grk(R") T) Grk+1(R D Rn)
3. Let e(d) be an r-cell of Gry(R"™) determined by the Schubert symbol ¢ = (o1,...,0%) with

the partition of r being (i1,...,4s). Show that f(e(c)) is also an r-cell of Griy1(R@®R™) with
the partition of r being same (i1, ...,1s).

Proof. 1. We have to show that f is injective, smooth, homeomorphic to its image and an immer-
sion. Injectivity is immediate since if R X =R @Y in RPR" for X, Y C R”, then X =Y. For
smoothness, we use Pliicker coordinates. Observe that we have a map AF(R") — AM1(R @ R?)
which maps on the basis vector as e;; A---Ae;, — eny1 Aejy A--- Ae;,. This defines a map
P(AFR™) — P(AFFLH(R@R™)). Clearly, this is a smooth map as it is so coordinatewise. This further
restricts to the closed subspace Grg(R"™) — Griiq(R @ R™) and the map becomes [v1 A -+ A vg] —
[en+1 A v A+ Avg]. This shows smoothness of f. The map f is homeomorphic to its image as
f is injective and Grg(R™) is already compact. We need only show f is an immersion. Indeed the
map on tangent spaces induced by f is

df = Hom(VF,Q"=F) — FHom(VF, Qn=F)
which defined on A € Gri(R™) maps

dfa : Hom (A, V/A) — Hom (R & A, V/A)
pr— 0B .

This is clearly an injective map, as required. This completes the proof that f is an embedding.
2. Define the map g : €! @ V¥ — V*+1 on fiber at A € Gr(R") as follows; define
griep@Vi=ReA — Vit =RaA

to be identity. Then clearly this defines a continuous map ¢ : €' @ V¥ — V¥*+1 which is furthermore
isomorphism on fibers. As g makes the square commute, therefore g provides the required fiber
square.

3. Let 0 : 1 < 01 < 03 < --+ < 0 < n be a Schubert symbol for Gri(R") and let e(o) be
the open cell of dimension r =01 — 1+ 09 — 2+ --- 4+ 0, — k that it determines. We claim that

f(e(@)) = e(7)
where 7= (1,01 4+ 1,00+ 1,...,0, + 1) in Grp41(R @ R"™). To this end, observe that if

OCRCR?c.---CcR"
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is the complete flag for R", then
OCRORCRoOR*C...ROR"
is a complete flag for R & R™. We now have
f(e(@) ={R@SA| A ce(@)}

={R®A| dmANR” =i& dimANR% " =i—1}
={RaA|dmReA)NRSRT) =i+1& dmReA)NROR ) =i}
= 6(7?)7

as required. Now, the dimension of e(7) is

k+1
dim e(T) :ZTi—i:0+01—1+02—2+---+0k—k:T:dim6(0_”)
i=1
and from this its also clear that the partition of r that 7 gives rise to is same as that of &, as
required. O

Question 25. Let M be an n-dimensional manifold. Show that the number of distinct Stiefel-
Whitney numbers for M is p(n), i.e. the number of unordered positive partitions of integer n.

Proof. Our first claim is that a Stiefel-Whitney number is determined by the corresponding Stiefel-
Whitney monomial, that is, the monomial wi* ... w}» determines the number wi' ... wi"[M] € Zs

n
completely. Indeed, for M, the SW-number corresponding to wi' ... w;" is given by

(Wit .. w (TM), par) € Zs.
But since the Kronecker pairing

(==

Hn(M; ZQ) X Hn(M; Zg) I) ZQ
is non-degenerate, therefore we have an isomorphism
Hn(M, Zg) = I‘IOHIZ2 (Hn(M, Zg), ZQ) = Z2.

Thus SW-number corresponding to wi’ ... w!* is 1 if and only if wi' ... win(TM) € H™(M;Zs) is

1. Similarly for 0. Hence we need only count the number of SW-monomials. Indeed, the no. of
SW-monomials is same as the size of the set

A={(r1,...,rn) |7 > 0& r1 +2ry + - - - + nry, = n}.
We claim that there is a bijection from B to A where
B={(i1,...,is) | ij > 1 & iy + - +is = n}.
Indeed, define

p:B— A
I:(il7"‘7i5)’—>(rl7"‘7rn)

where r; = # of j in I. Then clearly, Z}Ll jrj = n. Converse is also immediate. Hence ¢ is a
bijection and thus #A = #B = p(n), as required. O
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Question 26. Let £ and 1 be two bundles of rank n and m. Show that there is a polynomial p in
n + m variables such that

1. we have
w(§®77) = p(wl(g)a s 7w7l(£)7 wl(n)v cee 7wm(77))7
2. if oy, ... ,Un are elementary symmetric functions in variables t1,...,t, and o},...,0,, are in
th,...,t,, then

1+u+@y

||,’:]3

n
/
p<0—17"'70—7’l70-]_7"'7 H

Proof. This is an application of splitting principle which says that for any bundle { = (F,p, B),
there is a space X and a map f : X — B such that f*: H*(B;Zs) — H*(X;Zs) is injective and
f*¢ is a sum of line bundles. Thus, any relation we may obtain amongst SW classes while assuming
& and 7 are direct sum of line bundles is true in general. We omit the proof of splitting principle
as it is well-known.

Assuming the above result, we may complete the proof as follows. We may assume & = @&}, L;
and = @1, L}. Then

n m
5®U:@Li®®L;
i=1 j=1
@ @ ren
1<i<n1<j<m

Thus by Whitney formula

w¢en =[] ][I w@ieL)

1<i<n 1<j<m

= II I Q+a+a)

1<i<n 1<j<m

where w(L; ®L;) =14+a;+ a}, wi(L;) = a; and wl(L;-) = a;-. Since

w(§) =] [ +a)

—.

-
I
A

w(n) (1+aj)

<
Il
-

L

therefore w,(§) and wy(n) are elementary symmetric polynomials in a; and a;» respectively. This
completes the proof. O
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